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We characterize the existence of Lie group structures on quotient groups and the
existence of universal complexiﬁcations for the class of Baker–Campbell–Hausdorff
(BCH–) Lie groups, which subsumes all Banach–Lie groups and ‘‘linear’’ direct limit
Lie groups, as well as the mapping groups CrK ðM; GÞ :¼ fg 2 C
rðM;GÞ : gjM=K ¼ 1g;
for every BCH–Lie group G; second countable ﬁnite-dimensional smooth manifold
M; compact subset K of M; and 04r41: Also the corresponding test function
groups DrðM;GÞ ¼
S
K C
r
K ðM; GÞ are BCH–Lie groups. # 2002 Elsevier Science (USA)0. INTRODUCTION
It is a well-known fact in the theory of Banach–Lie groups
that the topological quotient group G=N of a real Banach–Lie
group G by a closed normal Lie subgroup N is a Banach–Lie group
provided LðNÞ is complemented in LðGÞ as a topological vector space [7, 30].
Only recently, it was observed that the hypothesis that LðNÞ be
complemented can be omitted [17, Theorem II.2]. This strengthened result
is then used in [17] to characterize those real Banach–Lie groups which
possess a universal complexiﬁcation in the category of complex Banach–Lie
groups. It is the goal of the present paper to extend these results to more
general classes of inﬁnite-dimensional Lie groups, and to discuss interesting
examples.
We mainly focus on a class of Lie groups which we call ‘‘Baker–
Campbell–Hausdorff (BCH)–Lie groups.’’ These are analytic Lie groups in
the sense of [13], modelled on arbitrary, not necessarily sequentially
complete, locally convex spaces, whose exponential function induces a local1Present address: Department of Mathematics, Darmstadt University of Technology,
Schlossgartenstr. 7, 64289 Darmstadt, Germany.
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HELGE GLO¨CKNER348diffeomorphism at 0 and whose group multiplication is given locally by the
Campbell–Hausdorff series (see Section 2 for details). Thus, by deﬁnition,
BCH–Lie groups share some of the most important properties of Banach–
Lie groups. Although the class of BCH–Lie groups excludes diffeomorphism
groups and other inﬁnite-dimensional Lie groups which behave quite unlike
Banach–Lie groups, it subsumes many important examples. In particular,
beside Banach–Lie groups, every linear direct limit Lie group is a BCH–Lie
group, and so are all groups of mappings or test functions with values in
BCH–Lie groups, as will be shown below. In this article, we develop the
general Lie theory of BCH–Lie groups, and in particular a general theory of
universal complexiﬁcations for these groups. The general results are then
applied to the speciﬁc examples of BCH–Lie groups described before. It
turns out that universal complexiﬁcations exist for these groups under
natural hypotheses, and we ﬁnd explicit descriptions of the universal
complexiﬁcations in important cases.
We remark that, as opposed to universal complexiﬁcations, many authors
call a complex Lie group H a ‘‘complexiﬁcation’’ of a given real Lie group G
if G is a subgroup of H and LðHÞ ¼ LðGÞC (e.g., [25] in the ﬁnite-
dimensional case, [29, 42] in the inﬁnite-dimensional setting). This point of
view is sufﬁcient for many practical purposes. However, already in the ﬁnite-
dimensional case, many Lie groups do not possess complexiﬁcations in the
preceding sense; and if such a complexiﬁcation exists, it need not be
uniquely determined. In contrast, a universal complexification of a real Lie
group G in a given category A of complex Lie groups is a complex Lie
group GC 2 obA which satisﬁes a suitable universal property together with
a (not necessarily injective) smooth homomorphism gG : G ! GC (cf.
[7, 17, 21]). Whenever it exists, GC is unique up to isomorphism. Surpris-
ingly, although it is well-known that every ﬁnite-dimensional Lie group has
a universal complexiﬁcation in the category of ﬁnite-dimensional complex
Lie groups [7], and although universal complexiﬁcations are a standard
topic in textbooks on ﬁnite-dimensional Lie groups, universal complex-
iﬁcations of inﬁnite-dimensional Lie groups have hardly been studied in the
literature. Only recently, the existence question of universal complex-
iﬁcations of Banach–Lie groups was raised in [12] and then fully
solved in [17]. In particular, it is known now that there are real
Banach–Lie groups which do not have universal complexiﬁcations in the
category of complex Banach–Lie groups. A theory of universal complex-
iﬁcations for more general classes of inﬁnite-dimensional Lie groups is still
missing in the literature. The present paper intends to close this gap, at least
for the class of BCH–Lie groups. In particular, for a real BCH–Lie group G;
we shall ﬁnd a necessary and sufﬁcient condition for the existence of a
universal complexiﬁcation in the category of complex BCH–Lie groups, as
well as a sufﬁcient condition for the existence of a universal complexiﬁcation
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functions.
Let us brieﬂy outline the contents of the individual sections now,
summarize the main results, and relate them to the literature. We begin with
general terminology and basic facts concerning smooth and analytic Lie
groups, as well as the required differential calculus (Section 1). In Section 2,
we deﬁne BCH–Lie groups and develop the basic Lie theory for such
groups, for later use.2 Generalizing the recent results concerning quotients
of Banach–Lie groups mentioned above, we prove (Corollary 2.21; see
Theorem 2.20 for a complex analogue):
0.1. Quotient Theorem. Let G be a real BCH–Lie group and N be a
closed, normal subgroup of G. Then the topological quotient group G=N can be
given a real BCH–Lie group structure if and only if N is a Lie subgroup of G.
If G is a Banach–Lie group here, we obtain a second characterization in
the spirit of the solution to Hilbert’s ﬁfth problem: G=N is a Banach–Lie
group if and only if it has no small subgroups.
It is well known that the group CrðK ; GÞ of Cr-mappings on a compact
smooth manifold K with values in a ﬁnite-dimensional Lie group G is a
Banach–Lie group for r 2 N0; and that C1ðK ; GÞ is a Fre´chet–Lie group
satisfying the axioms of a BCH–Lie group (see, for example, [31]). For
inﬁnite-dimensional G modelled on sequentially complete spaces, CðK ; GÞ
had been made a Lie group in [37]. The groups D1ðM ; GÞ of smooth test
functions with values in a ﬁnite-dimensional Lie group G had already been
given a topological group structure making them ‘‘nuclear Lie groups’’ in
[1]. For ﬁnite-dimensional G; the Lie groups C1K ðM ; GÞ have been
considered in [33, 34] and a direct limit argument has been used there to
specify an analytic structure on D1ðM ; GÞ:3 Generalizing these construc-
tions, we establish results slightly more general than the following
(Sections 3 and 4):
0.2. Mapping Groups and Test Function Groups. Suppose that M is
a s-compact finite-dimensional smooth manifold, K 
 M a compact subset,
r 2 N0 [ f1g; and G a smooth (resp., K-analytic) Lie group. Then CrK ðM ; GÞ
and DrðM ; GÞ can be made smooth (resp., K-analytic) Lie groups in a natural
way, with Lie algebras CrK ðM; LðGÞÞ and D
rðM; LðGÞÞ: If G is a K-analytic
BCH–Lie group, then so are CrK ðM ; GÞ and D
rðM ; GÞ:2Several interesting results concerning the closely related class of ‘‘CBH–Lie groups’’ can be
found in [43]. For the most part, the material we present is complementary.
3We should also mention the ‘‘weighted gauge groups’’ (with values in ﬁnite-dimensional Lie
groups) studied in [5].
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differential calculus’’ had already been established in [26], for any smooth
Lie group G in that sense.
In Sections 5 and 7, we develop a general theory of universal complex-
iﬁcations for BCH–Lie groups. As our third main result, we obtain a
characterization of those real BCH–Lie groups which possess a universal
complexiﬁcation in the category of complex BCH–Lie groups (cf. Theorem
7.2, Corollary 7.6):
0.3. Complexification Theorem. Given a real BCH–Lie group G, let N
be the intersection of all kernels of smooth homomorphisms from G into
complex BCH–Lie groups. Then G has a universal complexification GC in the
category of complex BCH–Lie groups if and only if N is a Lie subgroup of G
and ðLðGÞ=LðNÞÞC is enlargible. In this case, LðGCÞ ﬃ ðLðGÞ=LðNÞÞC: If GC
exists in the category of complex BCH–Lie groups and N is a discrete
subgroup of G, then in fact GC is a universal complexification for G in the
category of all complex Lie groups with complex analytic exponential
functions.
Here, the ﬁnal assertion is based on a general existence criterion (Theorem
5.4):
0.4. Existence Criterion. Let G be a real BCH–Lie group and suppose
that there is a smooth homomorphism f : G ! H from G into some complex
Lie group H whose exponential function is complex analytic and injective
on some zero-neighbourhood such that L˜ðf Þ : LðGÞC ! LðHÞ; X þ iY !
Lðf Þ:X þ iLðf Þ:Y is injective. Then G has a universal complexification GC in
the category of complex Lie groups with complex analytic exponential
functions, and GC is a complex BCH–Lie group.
The remainder of the article is devoted to examples. We begin with a
discussion of universal complexiﬁcations for direct limits of ﬁnite-dimen-
sional Lie groups, a class of Lie groups introduced in [32] and subsequently
studied by the same authors in [33, 34] (where also completions of such
groups with respect to coarsened topologies are discussed), and [35]. We
focus on ‘‘linear’’ direct limit Lie groups, the most popular class of direct
limit Lie groups, and prove that ð!lim GnÞC ¼!lim ðGnÞC for every such group
(Section 6). For a countable strict direct limit!lim Kn of compact Lie groups,
its complexiﬁcation !lim ðKnÞC and the polar decomposition thereof have
been considered before in [35], in the context of a Bott–Borel–Weil theorem
for direct limit groups. Polar and Iwasawa decompositions also play a vital
role in the study of Banach–Lie groups associated with Banach–Lie algebra
completions of afﬁne Lie algebras; see [18] for these matters and [44], where
also Fre´chet completions are considered. In the present paper, we shall
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iﬁcations of mapping groups and test function groups. If K is a compact
smooth manifold and G a compact Lie group, then C1ðK ; GCÞ has been
used by many authors as a natural complexiﬁcation of C1ðK ; GÞ (see [42],
for example). The question whether this complexiﬁcation is universal had
not been addressed in the literature. In Sections 8 and 9, we prove as our
ﬁfth main result:
0.5 Universal Complexifications of Mapping Groups and Test
Function Groups. Let M be a s-compact, finite-dimensional C1-
manifold, K 
 M a compact subset, r 2 N0 [ f1g; and G a real BCH–Lie
group whose universal complexification GC in the category of complex BCH–
Lie groups exists and has a polar decomposition GC ¼ G expGC ðiLðGÞÞ (e.g.,
G might be any compact Lie group). Then the complex BCH–Lie groups
CrK ðM; GCÞ and D
rðM; GCÞ are the universal complexifications of CrK ðM ; GÞ;
resp., DrðM; GÞ in the category of complex Lie groups with complex analytic
exponential functions.
The preceding conclusion becomes false in general if GC does not have a
polar decomposition. For example, we shall see that CðT;SL2RÞC 6ﬃ
CðT;SL2CÞ (Example 8.10).
1. INFINITE-DIMENSIONAL LIE GROUPS: PRELIMINARIES
In order to present our main results in their natural generality and
simplicity, we are forced to consider Lie groups modelled on general, not
necessarily sequentially complete, locally convex spaces.4 An exposition of
the required differential calculus of smooth and analytic mappings between
open subsets of arbitrary locally convex spaces, speciﬁcally adapted to our
needs, is given in [13]. The underlying concept of smooth maps is equivalent
to the one of Michal and Bastiani (see [2]); much more information
concerning this concept and its relation to other notions of differentiability
in inﬁnite dimensions can be found in [24]. Further basic references are
Hamilton [19] (for the Fre´chet case) and Milnor [31] (for the sequentially
complete case). It turns out that most of the basic constructions of Lie
theory (as presented by Milnor) are independent of the hypothesis of
sequential completeness of the modelling spaces. Although our concept of
real analyticity differs from the one used by Bochnak and Siciak, we warmly
recommend [3, 4] to the reader for the background concerning analytic
mappings, and shall make repeated use of their results.4The problem is that Hausdorff quotients of non-metrizable, sequentially complete locally
convex spaces need not be sequentially complete [26, p. 22, Example]. See [13] for further
discussions of this point.
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1.1. Suppose that X and Y are real locally convex spaces, U is an open
subset of X ; and f : U ! Y a map. We say that f is of class C0 if it is
continuous, and set d0f :¼ f : If f is continuous, we say that f is of class C1 if
the (two-sided) directional derivative df ðx; hÞ :¼ limt!0 t1ðf ðx þ thÞ  f ðxÞÞ
exists for all ðx; hÞ 2 U  X (where t 2 R=f0g with jtj sufﬁciently small), and
the mapping df : U  X ! Y is continuous. Recursively, we deﬁne f to be
of class Ck for 24k 2 N if it is of class Ck1 and dk1f : U  X 2
k11 ! Y
(having been deﬁned recursively) is a mapping of class C1 on the open subset
U  X 2
k11 of the locally convex space X 2
k1
: We then set dkf :¼
dðdk1f Þ : U  X 2
k1 ! Y : The mapping f is called smooth or of class C1
if it is of class Ck for all k 2 N:
We remark that, for every 04r41; the preceding deﬁnition of mappings
of class Cr is equivalent to the deﬁnition given in [13], by [13, Lemma 1.14].
The mappings dkf deﬁned above are denoted Dkf there. For the purposes of
the present paper, the preceding deﬁnitions are more convenient.
1.2. Since compositions of Cr-maps are of class Cr for 04r41
[13, Proposition 1.15], Cr-manifolds modelled on locally convex spaces can
be deﬁned in the usual way. A smooth Lie group is a group, equipped with a
smooth manifold structure modelled on a locally convex space, with respect
to which the group multiplication and inversion are smooth mappings.
1.3. Let M be a Cr-manifold (where 14r41), and f : M ! Y a
mapping of class Cr into a real locally convex space. Then the tangent map
Tf : TM ! TY ¼ Y  Y has the form ðx; vÞ/ ðf ðxÞ; df ðx; vÞÞ for x 2 M
and v 2 TxM ; for a suitable function df : TM ! Y : We set d0f :¼ f ; T0M
:¼ M; and deﬁne dkf :TkM ! Y recursively via dkf :¼ dðdk1f Þ for all
k 2 N; k4r:
Functions partially Cr will play an important role in our discussions of
mapping groups.
1.4. Let X be a Hausdorff topological space, M be a Cr-manifold, and
f : X  M ! Y be a mapping into a real locally convex space. We say that f
is partially Cr in the second argument if f ðx; *Þ :M ! Y is a mapping of class
Cr for all x 2 X ; and the functions dk2 f : X  T
kM ! Y ; deﬁned via
dk2 f ðx; *Þ :¼ d
kðf ðx; *ÞÞ for x 2 X ; are continuous for all k 2 N0; k4r:
1.5. Let X and Y be complex locally convex spaces, and U be an open
subset of X : We say that a function f : U ! Y is complex analytic or
C-analytic if it is continuous and for every x 2 U ; there exists a
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 U and
f ðx þ hÞ ¼
X1
n¼0
bnðhÞ for all h 2 V ð1Þ
as a pointwise limit, where bn :X ! Y is a continuous homogeneous
polynomial over C of degree n; for each n 2 N0 [4, Deﬁnition 5.6].
1.6. If Y is sequentially complete in the situation of 1.5, then f is
complex analytic in the preceding sense if and only if it is complex
differentiable on each afﬁne line and continuous [4, Theorems 6.2 and 3.1].
In general, f is complex analytic if and only if it is smooth and
df ðx; *Þ :X ! Y is complex linear for all x 2 U [13, Lemma 2.5].
1.7. Let X and Y be real locally convex spaces, U be an open subset of
X ; and f : U ! Y be a mapping. Following Milnor’s lines, we call f real
analytic or R-analytic if it extends to a complex analytic mapping V ! YC
on some open neighbourhood V of U in XC:
Throughout the following, K 2 fR;Cg:
1.8. Compositions of K-analytic mappings are K-analytic [13, Proposi-
tions 2.7 and 2.8]. Thus complex (analytic) manifolds and real analytic
manifolds, as well as complex (analytic) Lie groups and real analytic Lie
groups modelled on locally convex spaces can be deﬁned in the usual way.
1.9. If X and Y are Fre´chet spaces, then a mapping f as in 1.7 is real
analytic in Milnor’s sense (as above) if and only if it is real analytic in the
sense of [4, Deﬁnition 5.6], i.e., if and only if it is continuous and admits
local expansions into continuous homogeneous polynomials over R; as in
Eq. (1) above (cf. [4, Theorem 7.1]). We favour Milnor’s approach to real
analytic mappings here since it does not seem to be clear whether
compositions g 8 f of real analytic mappings in the sense of Bochnak and
Siciak will be real analytic in general, unless the complexiﬁcations of the
spaces containing the domains of f and g are Baire spaces and the target
space of g is sequentially complete (cf. [4, Theorem 7.3]).
1.10. Consider the dense subspace E of RN consisting of all sequences
ðxnÞn2N 2 R
N such that supn2N
jxn j
nk
o1 for some k 2 N; which we equip with
the (non-sequentially complete) induced topology. It is easily veriﬁed that
the mapping f :R! E; t/ ðsinðntÞÞn2N is real analytic in the sense of
Bochnak and Siciak, but not in the sense of 1.7.
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mapping f : U ! Y as in 1.5 is also real analytic in the sense of 1.7 when X
and Y are considered as real locally convex spaces (unless X and Y are
Fre´chet spaces), although the author does not know of any counterexample.
Therefore, it might happen that a complex analytic Lie group G cannot be
turned into a real analytic Lie group by forgetting the complex structure. In
particular, it would not make sense to speak of real analytic mappings or
homomorphisms into G in such a pathological case.
1.12. However, any K-analytic Lie group is a smooth Lie group, as any
K-analytic map is smooth [13, Proposition 2.4]. In particular, it makes
perfect sense to speak of smooth homomorphisms from smooth (or real
analytic) Lie groups into complex analytic Lie groups (and that is the type of
homomorphisms we will consider in connection with universal complex-
iﬁcations). Now, it is very important for our constructions that the real Lie
groups we are interested in (the real BCH–Lie groups) are real analytic Lie
groups. However, it turns out that the real analytic Lie group structure on a
real BCH–Lie group is uniquely determined by the underlying smooth Lie
group structure (and even by the underlying topological group structure).
We may therefore identify real BCH–Lie groups without ambiguity with the
underlying smooth Lie groups, and shall do so. In view of the problems just
described, although the analytic structure on a real BCH–Lie group is
available whenever we want to make use of it, it is highly preferable to work
in the category of smooth Lie groups and smooth homomorphisms, and not
in the category of real analytic Lie groups and real analytic homomor-
phisms.
As in the case of Banach–Lie groups, general Lie groups can be described
locally:
Proposition 1.13 (Local Characterization of Lie Groups). Suppose
that a subset U of a group G is equipped with a smooth (resp., K-analytic)
manifold structure modelled on a locally convex space E, and suppose that V is
an open subset of U such that 1 2 V ; V ¼ V1; VV 
 U ; and such that the
multiplication map V  V ! U ; ðg; hÞ/ gh is smooth (resp., K-analytic) as
well as inversion V ! V ; g/ g1; here V is considered as an open
submanifold of U. Suppose that for every element x in a symmetric generating
set of G, there is an open identity neighbourhood W 
 U such that xWx1 

U ; and such that the mapping W ! U ; w/ xwx1 is smooth (resp., K-
analytic).5 Then there is a unique smooth (resp., K-analytic) Lie group5This condition is automatically satisﬁed if V generates G:
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open submanifold of G.
Proof. The proof of [7, Chap. 3, Sect. 1.9, Proposition 18] carries over
without changes. ]
1.14. If we speak of ‘‘real Lie groups’’ in the following, it will be clear
from the context whether we refer to smooth Lie groups, real analytic Lie
groups, or both.
1.15. We recall various further standard constructions and notations
from [31], which carry over to Lie groups modelled on arbitrary locally
convex spaces [13]. The geometric tangent space LðGÞ :¼ T1ðGÞ of a K-Lie
group G at the identity element carries a natural topological Lie algebra
structure over K; and the tangent maps Lðf Þ :¼ T1ðf Þ : LðGÞ ! LðHÞ of
smooth (resp., complex analytic) homomorphisms f : G ! H between K-Lie
groups are continuous K-Lie algebra homomorphisms. We deﬁne Adg :¼
LðIgÞ 2 AutðLðGÞÞ for g 2 G; where Ig : G ! G; x/ gxg1: Given X 2 LðGÞ;
there is at most one smooth homomorphism gX :R! G such that
g0X ð0Þ ¼ X : If gX exists for all X 2 LðGÞ; we deﬁne expGðX Þ :¼ gX ð1Þ for
X 2 LðGÞ and call expG :LðGÞ ! G the exponential function of G: Although
no counterexample is known at the time of writing, there might be Lie
groups without exponential functions (deﬁned on all of LðGÞ). Furthermore,
if it exists, the exponential function might fail to be smooth or K-analytic for
a smooth or K-analytic Lie group, respectively. If the exponential function is
deﬁned on all of LðGÞ; it need not induce a local diffeomorphism at 0 in
general: for instance, the exponential function may fail to be locally injective
at 0, and also the exponential image may fail to be an identity
neighbourhood. Direct limits of suitable ascending sequences of ﬁnite-
dimensional Lie groups provide simple examples for such behaviour
[15, Example 5.5].
2. THE CLASS OF BCH–LIE GROUPS
In this section, we deﬁne and study a class of Lie groups which share
important properties of Banach–Lie groups.
Definition 2.1. A K-analytic Lie group G modelled on a locally convex
K-vector space is called a BCH–Lie group if it has the following properties:
(a) The exponential function expG : LðGÞ ! G is deﬁned on all of LðGÞ;
and there is an open zero-neighbourhood U in LðGÞ such that V :¼ expGðUÞ
HELGE GLO¨CKNER356is open in G and f :¼ expG j
V
U : U ! V is a diffeomorphism of K-analytic
manifolds.
(b) There is a zero-neighbourhood W 
 U in LðGÞ with
expGðW Þ expGðW Þ 
 V ; such that f
1ðfðX ÞfðY ÞÞ ¼
P1
n¼1 bnðX ; Y Þ ¼: X *
Y is given by the Campbell–Hausdorff series for X ; Y 2 W (with pointwise
convergence).
Thus b1ðX ; Y Þ ¼ X þ Y ; b2ðX ; Y Þ ¼
1
2½X ; Y ; b3ðX ; Y Þ ¼
1
12ð½X ; ½X ; Y  þ
½Y ; ½Y ; X Þ; etc. Note that every bn is a continuous homogeneous
polynomial, the Lie bracket being continuous (cf. [31, p. 1037]).
Remark 2.2. A similar class of Lie groups (called CBH–Lie groups) has
been studied by Robart [43], with an emphasis on integrability questions of
Lie subalgebras. In contrast to the BCH–Lie groups just deﬁned, the CBH–
Lie groups are modelled on sequentially complete spaces, and the concept of
real analyticity used is the one we described in 1.9 (see [43, Introduction
and De´ﬁnition 1]). Also [32–35] focus on Lie groups with a locally
diffeomorphic exponential function, using various notions of real analyticity
[34, Deﬁnitions 5.1 and 5.2] according to the speciﬁc situation.
2.1. Various Properties of BCH–Lie Groups
Many familiar results from the theory of Banach–Lie groups carry over to
BCH–Lie groups. Here are ﬁrst examples.
Proposition 2.3. For every K-analytic BCH–Lie group G, the Trotter
Product and Commutator Formulas hold. Thus, for all X ; Y 2 LðGÞ;
expGðX þ Y Þ ¼ lim
k!1
expG
1
k
X
 
expG
1
k
Y
  k
and
expGð½X ; Y Þ
¼ lim
k!1
expG
1
k
X
 
expG
1
k
Y
 
expG 
1
k
X
 
expG 
1
k
Y
  k2
:
Proof. Let q be a continuous seminorm on LðGÞ: Then ð1
k
X Þ* ð
1
k
Y Þ ¼P1
n¼1 ð
k0
k
ÞnbnðX0; Y0Þ with X0 :¼
1
k0
X ; Y0 :¼ 1k0Y for k sufﬁciently large, where
we have chosen k0 2 N such that
P1
n¼1 qðbnðX0; Y0ÞÞo1: This is possible
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q k
1
k
X
 
*
1
k
Y
  
 ðX þ Y Þ
 
4
X1
n¼2
k0
k0
k
 n1
qðbnðX0; Y0ÞÞ
4
k20
k
X1
n¼2
qðbnðX0; Y0ÞÞ ! 0
as k !1: We have proved that kðð1
k
X Þ*ð
1
k
Y ÞÞ ! X þ Y as k !1; the
exponential function being continuous, this entails expGðX þ Y Þ ¼ limk!1
ðexpGðð
1
k
X Þ* ð
1
k
Y ÞÞÞk ¼ limk!1 ðexpGð
1
k
X Þ expGð
1
k
Y ÞÞk: The Commutator
Formula can be proved analogously. ]
Here is an important consequence:
Proposition 2.4. Suppose that f : G1 ! G2 is a continuous homomorph-
ism between real BCH–Lie groups. Then f is real analytic. In particular, there
is at most one real BCH–Lie group structure on a given topological group.
Proof. Let Ui be a balanced, open, convex zero-neighbourhood in LðGiÞ
such that expGi jUi induces a diffeomorphism ci : Ui ! Vi onto an open
identity neighbourhood Vi in Gi; for i 2 f1; 2g; and such that expG2 j2U2 is
injective. Since f is continuous, we may assume that fðV1Þ 
 V2: Then
h :¼ c12 8fj
V2
V1 8c1 is a continuous function. If X 2 U1; it is easy to see that
hðkX Þ ¼ khðX Þ for k 2 Z whenever khðX Þ 2 2U2 and kX 2 U1: As a
consequence, hð1
2
X Þ ¼ 1
2
hðX Þ for all X 2 U1; and thus hðrX Þ ¼ rhðX Þ for all
X 2 U1 and r 2 ½1; 1 of the form r ¼ k2n for some k 2 Z and n 2 N0: In
view of the continuity of h; we can even allow arbitrary r 2 ½1; 1; whence in
fact hðrX Þ ¼ rhðX Þ for all X 2 U1 and r 2 R such that rX 2 U1: Using the
Trotter Product Formula, we deduce that
fðexpG1 ðX þ Y ÞÞ ¼ limn!1
f expG1
1
n
X
  
f expG1
1
n
Y
   n
¼ lim
n!1
expG2
1
n
hðX Þ
 
expG2
1
n
hðY Þ
  n
¼ expG2ðhðX Þ þ hðY ÞÞ
for all X ; Y 2 U1 such that X þ Y 2 U1; whence hðX þ Y Þ ¼ hðX Þ þ hðY Þ:
By standard arguments, there is a unique continuous linear map LðfÞ :
LðG1Þ ! LðG2Þ which coincides with h on some zero-neighbourhood. Then
f 8 expG1 ¼ expG2 8LðfÞ entails that the homomorphism f is real analytic on
an identity neighbourhood and thus real analytic. ]
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complex BCH–Lie groups to complex BCH–Lie groups are smooth.
Proposition 2.5. Let G be a K-analytic BCH–Lie group, and H be a K-
analytic Lie group with K-analytic exponential function. Then a homomorph-
ism f :G ! H is K-analytic if and only if expH 8c ¼ f 8 expG for some
continuous K-linear map c : LðGÞ ! LðHÞ:
Proof. If f is K-analytic, then c :¼ LðfÞ has the required properties.
Conversely, suppose that c exists. Using that expG induces a diffeomorph-
ism of some zero-neighbourhood in LðGÞ onto some open identity
neighbourhood U in G; we deduce from the hypothesis that fjU is K-
analytic, whence f is a K-analytic homomorphism. ]
Along similar lines, one shows:
Proposition 2.6. A homomorphism f : G ! H from a real BCH–Lie
group G into a complex BCH–Lie group H is smooth if and only if expH 8c ¼
f 8 expG for some continuous R-linear map c : LðGÞ ! LðHÞ:
As in the Banach case, we have:
Proposition 2.7. Let G be a K-analytic BCH–Lie group, and H be a
closed (resp., sequentially closed) subgroup of G. Then h :¼ fX 2 LðGÞ :
expGðRX Þ 
 Hg is a closed (resp., sequentially closed) real Lie subalgebra of
LðGÞ: If H is a sequentially closed normal subgroup of G, then h is a real Lie
algebra ideal of LðGÞ:
Proof. In fact, clearly R h 
 h: Now suppose that X ; Y 2 h and r 2 R are
given. Then expGðrðX þ Y ÞÞ ¼ limk!1 ðexpð
r
k
X Þ expGð
r
k
Y ÞÞk 2 H since H is
sequentially closed and ðexpðr
k
X Þ expGð
r
k
Y ÞÞk 2 H for all k: Thus hþ h 
 h:
Similarly, the Commutator Formula yields ½h; h 
 h and ½LðGÞ; h 
 h if H is
normal. Thus h is a real Lie subalgebra of LðGÞ and a real Lie algebra ideal if
H is a normal subgroup. It is obvious that h is closed (resp., sequentially
closed) in LðGÞ as H is closed (resp., sequentially closed) in G by hypothesis
and expG is continuous. ]
Lie algebra homomorphisms integrate to group homomorphisms in
important cases:
Proposition 2.8. Let K 2 fR;Cg; L 2 fR;Kg; G be a simply connected L-
analytic BCH–Lie group, and H be a K-analytic BCH–Lie group. Suppose
that f : LðGÞ ! LðHÞ is a continuous L-Lie algebra homomorphism. If K ¼ L;
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LðFÞ ¼ f: If L ¼ R and K ¼ C; then there is a unique smooth homomorphism
F : G ! H such that LðFÞ ¼ f:
Proof. Let A be an open balanced zero-neighbourhood in LðHÞ such
that the Campbell–Hausdorff series converges on A  A to a K-analytic
function * : Let U 
 f
1ðAÞ be an open zero-neighbourhood in LðGÞ such
that the Campbell–Hausdorff series converges on U  U to an L-analytic
function * ; and such that expG jU co-restricts to a diffeomorphism of L-
analytic manifolds onto its open image. Let V 
 U be an open balanced
zero-neighbourhood in LðGÞ such that V *V 
 U ; and set W :¼ expGðV Þ:
Then we have expGðX *Y Þ ¼ expGðX Þ expGðY Þ; as well as fðX *Y Þ ¼
fðX Þ*fðY Þ and expH ðfðX *Y ÞÞ ¼ expH ðfðX ÞÞ expH ðfðY ÞÞ; for all X ; Y 2
V : Hence F0 : W ! H; expGðX Þ/ expH ðfðX ÞÞ for X 2 V is a local
homomorphism in the sense of [50, p. 65, Deﬁnition]. By [50, p. 65, Satz],
F0 extends to a homomorphism F :G ! H: As expG j
W
V is a diffeomorphism,
F is K-analytic (resp., smooth if KaL), as it is K-analytic (resp., smooth) on
W : Clearly F 8 expG ¼ expH 8f holds, whence LðFÞ ¼ f: Since im expG
generates G; the homomorphism F is uniquely determined by the latter
property. ]
2.2. Subgroups of BCH–Lie Groups
It is useful to distinguish various types of subgroups of a BCH–Lie group
which are BCH–Lie groups in their own right. Throughout the following,
K 2 fR;Cg and L 2 fR;Kg:
Definition 2.9. An L-analytic subgroup of a K-analytic BCH–Lie
group G is an L-analytic BCH–Lie group H whose underlying abstract
group is a subgroup of G; such that the inclusion map e : H ! G is smooth
and LðeÞ is L-linear and a topological embedding.6 Identifying h :¼ im LðeÞ
with LðHÞ; the exponential function of H is expG j
H
h : An L-analytic subgroup
H of a K-analytic BCH–Lie group G is called an L-Lie subgroup of G if e is a
topological embedding, i.e., if the topology on H coincides with the
topology induced by G: If, in addition, h is complemented in LðGÞ as a
topological L-vector space, then we call H a split L-Lie subgroup of G:
Remark 2.10. Note that we can deﬁne real analytic subgroups (and real
Lie subgroups) of complex BCH–Lie groups although complex BCH–Lie
groups might fail to be real analytic Lie groups. Of course, we are mainly
interested in K-analytic subgroups and K-Lie subgroups of K-analytic
BCH–Lie groups. However, Lemma 7.3 (which is essentially used in the6Thus e is K-analytic if K ¼ L (see Proposition 2.5).
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BCH–Lie groups can be a very useful technical tool as well.
Remark 2.11. Note that an L-Lie subgroup H is closed (resp.,
sequentially closed) in the ambient K-analytic BCH–Lie group G if and
only if it is locally closed (resp., locally sequentially closed), if and only if
LðHÞ is closed (resp., sequentially closed) in LðGÞ:
We present various results concerning analytic subgroups of BCH–Lie
groups which parallel basic facts in the theory of Banach–Lie groups.
Lemma 2.12. Let G be a K-analytic BCH–Lie group, H be a subgroup of
G, and h be an L-Lie subalgebra of LðGÞ such that expGðhÞ 
 H : Then there is
at most one L-analytic subgroup structure on H which makes h the Lie algebra
of H.
Proof. This follows directly from Proposition 2.5. ]
The following variant of [43, Corollary 1 to Theorem 3] will be
needed.
Proposition 2.13. Suppose that G is a K-analytic BCH–Lie group and h
a sequentially closed K-Lie subalgebra of LðGÞ: Then H :¼ hexpGðhÞi
can be made a K-analytic subgroup of G with Lie algebra h in one and only
one way.
Proof. Let A be an open zero-neighbourhood in LðGÞ such that expG jA is
injective and such that the Campbell–Hausdorff series converges on A  A
to a K-analytic function * ¼: m into LðGÞ: Let B 
 A be a balanced open
zero-neighbourhood in LðGÞ such that B*B 
 A: Deﬁne C :¼ A \ h and
D :¼ B \ h: Then D*D 
 C clearly, as h is a sequentially closed subalgebra
of LðGÞ and * is given by the Campbell–Hausdorff series. The inclusion map
l : D ! B being real analytic, so is the composition mjDD ¼ m 8 ðl lÞ: As h
is sequentially closed in LðGÞ and mðD  DÞ 
 h; the co-restriction mjCDD is
K-analytic [13, Proposition 2.11]. We give U :¼ expGðCÞ the K-analytic
manifold structure making expG j
U
C a diffeomorphism of K-analytic mani-
folds; then V :¼ expGðDÞ is an open subset of U : Proposition 1.13 applies to
H ¼ hVi; providing a unique K-analytic Lie group structure on H making
V an open submanifold of H: Clearly H is a K-analytic BCH–Lie group,
with exponential function expG j
H
h ; and a K-analytic subgroup of
G; as e 8 expG j
H
h ¼ expG 8 i; where e : H ! G and i : h+LðGÞ are the
respective inclusion maps. The uniqueness assertion is a special case of
Lemma 2.12. ]
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algebra g; and H be a subgroup of G. Then there is at most one L-Lie subgroup
structure on H. Suppose that H is sequentially closed now, and define
h :¼ fX 2 g : expGðRX Þ 
 H g: Then H can be made a K-Lie subgroup of G
if and only if h is a K-Lie subalgebra of LðGÞ and there exists a zero-
neighbourhood U in g such that expG jU is injective and expGðUÞ \ H ¼
expGðU \ hÞ (the first condition being vacuous if K ¼ RÞ: In this case,
LðHÞ ¼ h:
Proof. Clearly LðHÞ ¼ fX 2 g : expGðRX Þ 
 Hg for every L-Lie
subgroup structure on H : Thus Lemma 2.12 entails the uniqueness
assertion.
Now suppose that H is sequentially closed. The necessity of the described
conditions for the existence of a K-Lie subgroup structure on H is apparent.
Suppose these conditions are satisﬁed. We then give K :¼ hexpGðhÞi
the K-analytic manifold structure making it a K-analytic subgroup of G
with Lie algebra h (Lemma 2.13); it is clear from the hypotheses that the
topology on K is the topology induced by G: For h 2 H ; the inner
automorphisms Ih of G leave H invariant, whence Adh:h 
 h: Thus
IhðKÞ 
 K clearly. By Proposition 2.5, the automorphism Ihj
K
K is K-analytic,
as Ihj
K
K 8 expG j
K
h ¼ expG j
K
h 8Adhj
h
h: Now Proposition 1.13 provides a unique
K-analytic Lie group structure on H making K an open submanifold. Since
K is a K-analytic BCH–Lie group, so is H; and clearly H is a K-Lie
subgroup of G: ]
Remark 2.15. By the preceding considerations, L-Lie subgroups
of K-analytic BCH–Lie groups can be identiﬁed with the
underlying abstract subgroups of G: By abuse of language, we call a
subgroup H of a K-analytic BCH–Lie group G an L-Lie subgroup if it can
be given an L-analytic BCH–Lie group structure making it an L-Lie
subgroup of G:
Remark 2.16. Generalizing the above concepts of real analytic sub-
groups and real Lie subgroups of a complex BCH–Lie group G; we might
consider smooth Lie group structures on subgroups H of G such that (i)
expH exists and induces a C
1-diffeomorphism on some zero-neighbour-
hood; (ii) the inclusion map e : H ! G is smooth, and (iii): LðeÞ is a
topological embedding. Replacing real analytic subgroups by such ‘‘smooth
subgroups’’ in the deﬁnition of real Lie subgroups, we also obtain an
additional concept of ‘‘smooth Lie subgroups.’’ Although such groups occur
implicitly in Lemma 2.19 and the proof of Lemma 7.3, we have decided not
to develop the theory of such subgroups here to avoid repetition, as it
directly parallels the analytic case.
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It is a classical fact that quotients G=N of real Banach–Lie groups are
Banach–Lie groups whenever N is a split normal Lie subgroup of G
[7, 10, 30, 51]. Only recently it turned out that the conclusion remains valid
for non-split normal Lie subgroups [17, Theorem II.2]. In this section, we
generalize this result to the setting of BCH–Lie groups.
We begin with three lemmas.
Lemma 2.17. Let G and H be K-analytic BCH–Lie groups, and f : G !
H be a K-analytic homomorphism. Then S :¼ f 1ðTÞ is a K-Lie subgroup of
G, for every sequentially closed K-Lie subgroup T of H.
Proof. The naturality of exp entails that s ¼ Lðf Þ1ðtÞ; where t :¼ LðTÞ
and s :¼ LðSÞ :¼ fX 2 LðGÞ : expGðRX Þ 
 S g: In particular, s is a K-Lie
subalgebra of g :¼ LðGÞ: If S fails to be a Lie subgroup of G; there exists a
net ðXaÞ in g=s such that expGðXaÞ 2 S for all a; and Xa ! 0 in g (cf.
Proposition 2.14). Let V be a zero-neighbourhood in LðHÞ such that expH is
injective on V ; and T \ expH ðV Þ ¼ expH ðt\ V Þ: Since U :¼ Lðf Þ
1ðV Þ is a
zero-neighbourhood in g; there exists a0 such that Xa 2 U for all a5a0:
Then expH ðLðf Þ:XaÞ ¼ f ðexpGðXaÞÞ 2 T forces Lðf Þ:Xa 2 t for all a5a0: Thus
Xa 2 Lðf Þ
1ðtÞ ¼ s; which is a contradiction. Therefore S is a Lie
subgroup. ]
The following results can be obtained by the same line of argument.
Lemma 2.18. Let G be a K-analytic BCH–Lie group and f : G ! H be a
smooth (resp., complex analytic if K ¼ CÞ homomorphism into a K-Lie group
whose exponential function is injective on some zero-neighbourhood. Then
kerðf Þ is a normal K-Lie subgroup of G.
Lemma 2.19. Let f : G ! H be a smooth homomorphism between
complex BCH–Lie groups, and S 
 H a sequentially closed subgroup such
that S \ expH ðV Þ ¼ expH ðLðSÞ \ V Þ for some zero-neighbourhood V in LðHÞ
on which expH is injective. Define K :¼ f
1ðSÞ and k :¼ fX 2 LðGÞ :
expGðRX Þ 
 K g: Then K is a sequentially closed subgroup of G satisfying
K \ expGðUÞ ¼ expGðk\ UÞ for some zero-neighbourhood U in LðGÞ on
which expG is injective.
Theorem 2.20 (Quotient Theorem). Let G be a K-analytic BCH–Lie
group with Lie algebra g; N be a closed normal subgroup of G, and n :¼ fX 2
g : expGðRX Þ 
 Ng: If K ¼ C; we assume that n is a complex vector subspace
of LðGÞ: Let q : G ! G=N and Q : g ! g=n be the canonical quotient maps.
Then the following conditions are equivalent:
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homomorphism f : G ! H into a K-Lie group7 H whose exponential function
is locally injective at zero, such that kerðfÞ ¼ N:
ðbÞ G=N can be made a K-analytic BCH–Lie group with Lie algebra g=n;
such that q 8 expG ¼ expG=N 8 Q:
ðcÞ N is a K-Lie subgroup of G.
Proof. The implication (b))(a) is trivial; (a))(c) is the content of
Lemma 2.18.
(c))(b): Note ﬁrst that n ¼ LðNÞ; which is a closed ideal in LðGÞ
(Propositions 2.7 and 2.14). Since G is a BCH–Lie group, there is a balanced
open zero-neighbourhood U in g such that the Campbell–Hausdorff seriesP1
n¼1 bn converges on U  U to a K-analytic function m ¼ * : U  U ! g:
Shrinking U if necessary, we may assume that expG jU is a diffeomorphism
onto an open subset of G; and that expGðUÞ \ N ¼ expGðU \ nÞ: Since
Q is a continuous Lie algebra homomorphism, and the homo-
geneous polynomials in the BCH series are Lie polynomials, we have
QðX *Y Þ ¼Qð
P1
n¼1 bnðX ; Y ÞÞ ¼
P1
n ¼1 bnðQðX Þ; QðY ÞÞ ¼ : nðQðX Þ; QðY ÞÞ
¼: QðX Þ*QðY Þ; where the same symbol bn is used for the homogeneous
polynomial of degree n in the BCH series on g=n: By the preceding
consideration, the latter series converges on V  V ; where V :¼ QðUÞ:
Furthermore, since n 8 ðQ  QÞj
VV
UU ¼ Q 8 m where Q 8 m is K-analytic, the
function n is K-analytic by [13, Proposition 2.10]. There is an open, balanced
zero-neighbourhood A 
 U in g such that A*A 
 U : Then X *Y *Z is
deﬁned for all X ; Y ; Z 2 A: Furthermore, expGðX *Y Þ ¼ expGðX Þ expGðY Þ
for all X ; Y 2 A in view of the connectedness of A; since both functions are
K-analytic and coincide on some zero-neighbourhood (cf. [4, Proposition
6.6]). Set B :¼ QðAÞ; then B*B 
 V :
Claim 1. If X ; Y 2 A such that QðX Þ ¼ QðY Þ; then qðexpGðX ÞÞ ¼
qðexpGðY ÞÞ:
In fact, from QðX Þ ¼ QðY Þ we deduce QðX * ðY ÞÞ ¼ QðX Þ* ðQðY ÞÞ ¼
0; i.e., X * ðY Þ 2 n: Thus 1 ¼ qðexpGðX *ðY ÞÞÞ ¼ qðexpGðX Þ expGðY Þ
1Þ;
which implies the claim.
Claim 2. If X ; Y 2 A and qðexpGðX ÞÞ ¼ qðexpGðY ÞÞ; then X  Y 2 n:
In fact, we have expGðX * ðY ÞÞ ¼ expGðX Þ expGðY Þ
1 2 N in this case,
where X ;Y 2 A and thus X * ðY Þ 2 U : From the choice of U ; we deduce
that X * ðY Þ 2 n: Thus 0 ¼ QðX * ðY ÞÞ ¼ QðX Þ* ðQðY ÞÞ: Since
QðX Þ; QðY Þ 2 B; multiplication with QðY Þ on the right yields QðY Þ ¼
QðX Þ; as required.7Smooth or real analytic in the real case.
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qðexpGðX ÞÞ for X 2 A: The mapping Qj
B
A : A ! B being an open surjection,
we deduce from the continuity and openness of q 8 expG jA that E is
continuous and open. Furthermore, E is injective by Claim 2. Let C1 
 A be
an open zero-neighbourhood in g such that C1 *C1 
 A; and deﬁne C :¼
QðC1Þ: Then for every X ; Y 2 C; say X ¼ QðX1Þ; Y ¼ QðY1Þ with X1; Y1 2
C1; we have EðX *Y Þ ¼ qðexpGðX1 *Y1ÞÞ ¼ qðexpGðX1Þ expGðY1ÞÞ ¼ EðX ÞE
ðY Þ: We deduce from Proposition 1.13 that there is a unique K-analytic Lie
group structure on hEðCÞi ¼ hEðBÞi ¼ ðG=NÞ0 which makes Ej
EðCÞ
C a
diffeomorphism of K-analytic manifolds onto the open submanifold EðCÞ of
ðG=NÞ0: We extend E to a function Exp : g=n ! ðG=NÞ0 via ExpðX Þ :¼
Eð1
n
X Þn; where X 2 g=n and n 2 N is chosen such that 1
n
X 2 C: Then Exp is
well deﬁned, is K-analytic, and is an exponential function for ðG=NÞ0 (cf. [7]
for the Banach case). By construction, ðG=NÞ0 is a K-analytic BCH–Lie
group. Since EðCÞ is open in G=N and EjEðCÞC a homeomorphism with
respect to the topology on EðCÞ induced by G=N ; clearly the topology
underlying the Lie group ðG=NÞ0 is the topology induced by G=N: Given
y 2 G=N; say y ¼ qðxÞ; we consider the inner automorphisms Ix of G and Iy
of G=N: As Ix:N ¼ N; we have Adx:n ¼ n; entailing the existence of a
continuous K-Lie algebra homomorphism f : g=n ! g=n such that f 8Q ¼
Q 8Adx: Then Exp 8f ¼ Iy 8Exp since Exp 8f 8Q ¼ Exp 8Q 8Adx ¼
q 8 expG 8Adx ¼ q 8 Ix 8 expG ¼ Iy 8 q 8 expG ¼ Iy 8Exp 8Q; from which we
infer that the automorphism ðG=NÞ0 ! ðG=NÞ0 induced by Iy is K-analytic
(Proposition 2.5). Now Proposition 1.13 provides a K-analytic Lie group
structure on G=N making ðG=NÞ0 an open submanifold. The K-analytic
BCH–Lie group ðG=NÞ0 being open in G=N; clearly G=N is a K-analytic
BCH–Lie group as well. We set expG=N :¼ e 8Exp; where e : ðG=NÞ0 !
G=N is the inclusion map. By construction of E; we have
expG=N 8Q ¼ q 8 expG: ]
More compactly, we have in the real case:
Corollary 2.21. If G is a real BCH–Lie group and N a closed normal
subgroup of G, then the topological quotient group G=N can be
given a real BCH–Lie group structure if and only if N is a Lie subgroup of G.
Proof. If G=N can be given a real BCH–Lie group structure compatible
with the given topology, then the quotient map q : G ! G=N ;
being continuous, is smooth. As kerðqÞ ¼ N; we deduce that N is a
Lie subgroup from the implication ‘‘(a))(c)’’ in the Quotient Theorem.
The converse direction is part of implication ‘‘(c))(b)’’ of the cited
theorem. ]
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existence of Lie group structures on quotients of Banach–Lie groups, in the
spirit of Hilbert’s ﬁfth problem. Recall that a topological group G is said to
have no small subgroups if there exists an identity neighbourhood U in G
containing no subgroup of G except for the trivial one.
Corollory 2.22. In the situation of Theorem 2.20, consider the following
conditions concerning the topological quotient group G=N:
(a) G=N has no small subgroups;
(b) G=N has no small continuous one-parameter subgroups;
(c) G=N can be given a K-analytic BCH–Lie group structure compatible
with the topology.
Then ðaÞ ) ðbÞ ) ðcÞ and if LðGÞ=LðNÞ admits a continuous norm,
then ðaÞ; ðbÞ and ðcÞ are equivalent. In particular, if G is a Banach–Lie
group, then G=N is a Banach–Lie group if and only if it has no small
subgroups.
Proof. The implication ‘‘(a))(b)’’ is trivial.
‘‘(b))(c)’’: By contraposition. If G=N cannot be made a BCH–Lie group,
then N is not a Lie subgroup of G (Theorem 2.20). Hence, if U is an identity
neighbourhood in G=N; and W a balanced zero-neighbourhood in LðGÞ on
which expG is injective and such that qðexpGðW ÞÞ is contained in U (where
q : G ! G=N is the quotient map), then there exists X 2 W =LðNÞ such that
expGðX Þ 2 N: As W is balanced, we have ½0; 1X 
 W and therefore
qðexpGð½0; 1X ÞÞ 
 U : Now f :R! G=N ; t/ qðexpGðtX ÞÞ is a continuous
homomorphism which is 1-periodic since f ð1Þ ¼ 1: So f ðRÞ ¼ f ð½0; 1Þ is a
subset of U : Furthermore, f is non-trivial as X does not belong to LðNÞ and
thus, by deﬁnition of this set, expGðRX Þ is not contained in N : Thus, G=N
has small 1-parameter subgroups.
The following lemma (applied to G=N) entails the remaining
assertions. ]
Lemma 2.23. Let G be a K-analytic BCH–Lie group. Then G has no small
subgroups if and only if LðGÞ admits a continuous norm.
Proof. Suppose that LðGÞ admits a continuous norm. Then there exists a
0-neighbourhood U in LðGÞ such that U does not contain any non-trivial
real vector subspaces of LðGÞ; and such that expG jU is injective. Let V be a
balanced 0-neighbourhood in LðGÞ such that V þ V 
 U : Then W :¼
expGðV Þ is an identity neighbourhood of G containing no non-trivial
subgroups of G: In fact, suppose that H 
 W is a subgroup of G: If 1ag 2
H; then g ¼ expGðX Þ for suitable 0aX 2 V : As V is balanced and contains
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nX 2 V and ðn þ 1ÞX =2 V : Then ðn þ 1ÞX ¼ nX þ X 2 V þ V 
 U ; entail-
ing that gnþ1 ¼ expGððn þ 1ÞX Þ 2 expGðUÞ=W : This contradicts g
nþ1 2 H 

W : Thus H ¼ f1g:
Suppose, conversely, that LðGÞ admits no continuous norm. Given an
identity neighbourhood U in G; we choose a closed, balanced, convex 0-
neighbourhood W in LðGÞ contained in exp1G ðUÞ: As LðGÞ does not admit a
continuous norm, the Minkowski functional associated with W cannot be a
norm, entailing that W contains a non-trivial vector subspace V of LðGÞ:
Pick 0aX 2 V : Then expGðRX Þ is a non-trivial subgroup of G contained in
U : Thus G has small subgroups. ]
More generally, the preceding arguments show that a Lie group whose
exponential function is continuous (resp., induces a local homeomorphism
at 0) has small subgroups if (resp., if and only if) its Lie algebra does not
admit a continuous norm. Note that RN is a real BCH–Fre´chet–Lie group
possessing small subgroups. Also note that whenever G is a Banach–Lie
group and N is a closed normal subgroup of G which is not a Lie subgroup,
then G has no small subgroups but G=N does so, by Corollaries 2.21 and
2.22. This answers a question by Kaplansky [23, p. 89] in the negative.
3. EXAMPLE: THE MAPPING GROUPS CrK ðM ; GÞ
If K is a compact smooth manifold and F a ﬁnite-dimensional K-Lie
group, then the group CrðK ; F Þ of F -valued Cr-mappings on K (with
pointwise operations) is a K-analytic Banach–Lie group if 04ro1; and a
K-analytic Fre´chet–Lie group if r ¼ 1 ([31]; cf. [11, 39, 41, 42]). Further-
more, it has been recorded that CðK ; GÞ possesses a natural smooth Lie
group structure, for every compact topological space K and smooth Lie
group G with sequentially complete Lie algebra [40, Proposition VII.2].8 The
present section is devoted to generalizations of these classical examples of
inﬁnite-dimensional Lie groups. We show that CrK ðM; GÞ :¼ ff 2 C
rðM; GÞ :
f jM=K ¼ 1g has a natural smooth (resp., K-analytic) Lie group structure, for
any 04r41; smooth (resp., K-analytic) Lie group G; ﬁnite-dimensional
Cr-manifold M; and compact subset K 
 M; if G is a K-analytic BCH–Lie
group, then so is CrK ðM ; GÞ: Of course, if M is a compact smooth manifold,
we may choose M ¼ K here in particular. For non-compact M ; the groups
CrK ðM; GÞ are the building blocks for the test function groups
DrðM ; GÞ ¼
S
K C
r
K ðM ; GÞ to be discussed in the next section. For the same8An argument along the lines of 3.18 seems to be needed to complete the sketch of proof
given there.
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ﬁnite-dimensional G:
General conventions. Let r 2 N0 [ f1g; and jr :¼ fn 2 N0 : n4rg: If 14r
41; we let M be a ﬁnite-dimensional (not necessarily second countable or
paracompact) Cr-manifold. If r ¼ 0; we let M be any Hausdorff topological
space. Throughout this section, the symbols r; jr; and M will have the
meanings just described. We shall use the convention 1þ n :¼ 1; for any
n 2 Z: To unify our notation in the following deﬁnitions and proofs, we
deﬁne T0M :¼ M also in the case where M is a topological space, and call
continuous mappings on M also C0-maps.
3.1. Technical Preliminaries
Before we can discuss groups of mappings, we need to understand spaces
of mappings and differentiability properties of mappings between such
spaces.
The following deﬁnition of topologies on spaces of differentiable
mappings is most convenient for our present purposes.
Definition 3.1. If X is a locally convex topological vector space over
K; we let CrðM ; X Þ be the K-vector space of X -valued Cr-mappings on M :
Given g 2 CrðM; X Þ; we set d0g :¼ g: If r > 0; then g gives rise to Crn-
functions dng : TnM ! X for all n 2 jr (see 1.3). We give CrðM; X Þ the
topology which makes
ðdnð*ÞÞn2jr :C
rðM; X Þ !
Y
n2jr
CðTnðMÞ; X Þc; g/ ðd
ngÞn2jr
a topological embedding, where CðTnðMÞ; X Þc denotes CðT
nðMÞ; X Þ;
equipped with the topology of compact convergence (which coincides with
the compact–open topology). Given a compact subset K of M ; we deﬁne
CrK ðM; X Þ :¼ fg 2 C
rðM; X Þ : gjM=K ¼ 0g;
and equip this closed vector subspace of CrðM ; X Þ with the induced
topology.
Remark 3.2. The spaces just deﬁned have the following properties.
(a) If M is a k-space, then CðM; X Þ is easily seen to be complete (resp.,
sequentially complete) whenever X is so. If M is a s-compact locally
compact space and X is a Fre´chet space, then CðM ; X Þ is metrizable and
complete and thus is a Fre´chet space.
(b) Similarly, if r > 0; then CrðM ; X Þ is sequentially complete (resp.,
complete) if X is so (cf. [38, Proposition III.1]). If, more speciﬁcally, M is a
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CrðM ; X Þ is metrizable and thus Fre´chet.
(c) If ro1; then CrK ðM ; X Þ is a Banach space, for every Banach space
X and compact subset K of M :
We need various simple technical lemmas.
Lemma 3.3. If f : X ! Y is a continuous K-linear map between locally
convex topological K-vector spaces X and Y, then CrðM ; f Þ :CrðM; X Þ !
CrðM ; Y Þ; g/ f 8 g is a continuous K-linear map.
Proof. In fact, f being a continuous linear map, clearly dnðf 8 gÞ ¼ f 8 d
ng
for all g 2 CrðM; X Þ and n 2 jr: Thus dn 8C
rðM; f Þ ¼ CðTnM ; f Þ 8 d
n is
continuous for all n 2 jr; as dn : CrðM ; X Þ ! CðTnM; X Þc is continuous by
deﬁnition of the topology on CrðM ; X Þ; and CðTnM; f Þ : CðTnM ; X Þc !
CðTnM ; Y Þc is continuous, the spaces being equipped with the topology of
compact convergence. The topology on CrðM ; Y Þ being the initial topology
with respect to the mappings dn : CrðM ; Y Þ ! CðTnM ; Y Þ for n 2 jr; we
deduce that CrðM ; f Þ is continuous. ]
Lemma 3.4. We have CrðM; X1  X2Þ ﬃ CrðM ; X1Þ  CrðM; X2Þ as
topological K-vector spaces, for any locally convex K-vector spaces X1
and X2:
Proof. This readily follows from the continuity of the linear mappings
CrðM ; ljÞ and CrðM; pjÞ; where lj : Xj+X1  X2 and pj : X1  X2 ! Xj are
the canonical inclusion, resp., projection (for j 2 f1; 2g). ]
And as a consequence:
Lemma 3.5. If X is a real locally convex space, then CrðM ; X ÞC ¼
CrðM ; XCÞ:
Lemma 3.6. If U is an open subset of the locally convex space X and K is a
compact subset of M, then CrK ðM ; UÞ :¼ C
r
K ðM; X Þ \ U
M is an open subset of
CrK ðM; X Þ:
Proof. In fact, CrK ðM; UÞ is already open in C
r
K ðM ; X Þ; equipped with
the topology of compact convergence. ]
We shall always consider CrK ðM ; UÞ as an open K-analytic submanifold of
CrK ðM; X Þ:
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space if r ¼ 0Þ; X be a locally convex space, and f : N ! M be a mapping of
class Cr: Then
Crðf ; X Þ : CrðM ; X Þ ! CrðN; X Þ; g/ g 8 f
is a continuous mapping.
Proof. As f ðKÞ is compact for every compact subset K of N; the case
r ¼ 0 is apparent from the deﬁnition of the respective topologies of compact
convergence (cf. [38, Lemma III.2(ii)]). If r > 0; we have dkðg 8 f Þ ¼ ðd
kgÞ
Tkf ¼ CðTkf ; X ÞðdkgÞ for each k 2 jr; where CrðM ; X Þ ! CðTkM ; X Þc;
g/ dkg is continuous by deﬁnition of the topology on CrðM ; X Þ; and
CðTkf ; X Þ : CðTkM ; X Þc ! CðT
kN; X Þc is continuous by the case r ¼ 0: By
the preceding, dk 8C
rðf ; X Þ : CrðM ; X Þ ! CðTkN; X Þc is continuous for each
k 2 jr; whence Crðf ; X Þ is continuous. ]
Lemma 3.8. If r51; then CrðM ; X Þ ! Cr1ðTM; TX Þ; g/Tg is a
continuous map.
Proof. Since dkðdgÞ ¼ dkþ1g for k 2 N0 with k4r  1; clearly
CrðM ; X Þ ! Cr1ðTM; X Þ; g/ dg is continuous. Furthermore, the natural
map pM :TM ! M being of class Cr1; the mapping Cr1ðM; X Þ !
Cr1ðTM; X Þ; g/ g 8 pM is continuous by Lemma 3.7. Note that
TX ¼ X  X ; identifying Cr1ðTM; TX Þ with Cr1ðTM; X Þ2 by means of
Lemma 3.4, the mapping g/Tg is ðCr1ðpM ; X ÞjCrðM;X Þ; dð*ÞÞ and thus
continuous. ]
We shall also use the following topological fact:
Lemma 3.9. Let A, B, and Y be Hausdorff topological spaces, and f :
A  B ! Y be a continuous mapping. Then fn : CðA; BÞc:o: ! CðA; Y Þc:o:;
fnðgÞ :¼ f 8 ðidA; gÞ is continuous with respect to the compact–open topo-
logies.
Proof. The continuity of the mappings CðA; BÞc:o: ! CðA; A  BÞc:o:;
g/ ðidA; gÞ and CðA; f Þ : CðA; A  BÞc:o: ! CðA; Y Þc:o:; g/ f 8 g is apparent
from the deﬁnition of the respective compact–open topologies. fn is the
composition of these mappings. ]
The following proposition, which is a variant of [38, Proposition III.7], is
the backbone of our constructions.
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spaces, U be an open subset of X, K be a compact subset of M, k 2 N0 [ f1g;
and f :M  U ! Y be a mapping such that
(a) f ðx; 0Þ ¼ 0 for all x 2 M =K ;
(b) f is partially Ck in the second argument (see 1.4), and
(c) the functions d
j
2 f are of class C
r; for every j 2 jk:
If KaM ; we assume 0 2 U : Then
fn : C
r
K ðM; UÞ ! C
r
K ðM; Y Þ; g/ f 8 ðidM ; gÞ
is a mapping of class Ck:
Proof. We remark ﬁrst that as f is a mapping of class Cr by hypothesis
(c), the Chain Rule shows that fng is of class Cr; for every g 2 CrK ðM ; UÞ:
Then fng 2 CrK ðM ; Y Þ in fact, in view of hypothesis (a).
It clearly sufﬁces to prove the assertion for ko1: We prove the following
claim by induction on 04j4k; thus establishing the assertion:
Claim. The mapping fn is of class Cj ; and djðfnÞ ¼ ðd
j
2f Þn; where we
identify CrK ðM ; UÞ  C
r
K ðM ; X Þ
2j1 with CrK ðM ; U  X
2j1Þ by means of
Lemma 3.4.
Case j ¼ 0: In this case, we only need to show that fn is continuous. Recall
that T0M :¼ M; T0U :¼ U ; and d0f :¼ f : Given g 2 CrK ðM; UÞ; furthermore
T0g :¼ g: If r > 0; we have
TðfngÞ ¼ Tðf 8 ðidM ; gÞÞ ¼ Tf 8 ðidTM ; TgÞ
using the identiﬁcation TðM  UÞ ﬃ TðMÞ  TðUÞ; and thus dðfngÞ
¼ df 8 ðidTM ; TgÞ ¼ ðdf ÞnðTgÞ: Inductively, we obtain
dnðfngÞ ¼ dnf 8 ðidTnM ; T
ngÞ ¼ ðdnf ÞnðT
ngÞ ð2Þ
for all n 2 jr: Note that ðdnf Þn : CðT
nM ; TnUÞc:o: ! CðT
nM; Y Þc:o: is
continuous by Lemma 3.9, and CrK ðM ; UÞ ! CðT
nM ; TnUÞc:o:; g/T
ng is
continuous by Lemma 3.8 (and a trivial induction). We deduce that Fn :
CrK ðM; UÞ ! CðT
nM ; Y Þc:o:; g/ d
nðfngÞ is a continuous mapping. The
topology on CrK ðM; Y Þ being the initial topology with respect to
the mappings g/ dng 2 CðTnM ; Y Þc:o:; where n 2 jr; we infer from the
preceding that fn is continuous.
Induction step. Suppose that fn is of class C
j (where 04jok) and
djðfnÞ ¼ ðd
j
2 f Þn: We have to show that d
jðfnÞ is of class C1; with
dðdjfnÞ ¼ ðd
jþ1
2 f Þn: To this end, let g 2 C
r
K ðM ; U  X
2j1Þ and
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2j Þ be given. As imðgÞ is a compact subset of the open set
U  X 2
j1 
 X 2
j
and imðZÞ 
 X 2
j
is compact, there is e > 0 such that
imðgÞþ  e; e ½ imðZÞ 
 U  X 2
j1:
Then F :   e; e½M ! Y ; F ðs; xÞ :¼ djþ12 f ðx; gðxÞ þ sZðxÞ; ZðxÞÞ is a map-
ping of class Cr; with F ð0; *Þ ¼ ðdjþ12 f Þnðg; ZÞ; and
Hðh; xÞ :¼
1
h
½dj2f ðx; ðgþ hZÞðxÞÞ  d
j
2 f ðx; gðxÞÞ ¼
Z 1
0
F ðth; xÞ dt
for all x 2 M and 0ah 2  e; e½ by the Fundamental Theorem of Calculus
[13, Theorem 1.5]. For any n 2 jr; y 2 TnM ; and 0ah 2  e; e½; we obtain
dn2Hðh; yÞ ¼
Z 1
0
dn2F ðth; yÞ dt;
where dn2F :   e; e½T
nM ! Y is a mapping of class Crn and thus
continuous. If now C is a compact subset of TnM ; we deduce from the
uniform continuity of the map ½0; 1  ½ e
2
; e
2
  C ! Y ; ðt; h; yÞ/ dn2F ðth; yÞ
that
lim
h!0
dn2Hðh; yÞ ¼ lim
h!0
Z 1
0
dn2F ðth; yÞ dt ¼ d
n
2F ð0; yÞ
¼ dnððdjþ12 f Þnðg; ZÞÞðyÞ
uniformly for y 2 C: Therefore limh!0 1h½ðd
j
2 f Þnðgþ hZÞ  ðd
j
2 f ÞnðgÞ ¼
ðdjþ12 f Þnðg; ZÞ in C
r
K ðM ; Y Þ: We have shown that the directional derivative
dðdjfnÞðg; ZÞ exists, and is given by ðd
jþ1
2 f Þnðg; ZÞ: Replacing f by d
jþ1
2 f (which
satisﬁes analogous hypotheses, k being replaced by k  j  1), the case
j ¼ 0 of the present induction shows that djþ1ðfnÞ ¼ dðdjfnÞ ¼
ðdjþ12 f Þn is continuous. This completes the proof. ]
Corollary 3.11. Let X and Y be locally convex spaces, U 
 X be an
open subset, f : U ! Y be a smooth mapping, and K be a compact subset of
M; if KaM ; we assume furthermore that f ð0Þ ¼ 0: Then the mapping
CrK ðM; f Þ : C
r
K ðM; UÞ ! C
r
K ðM; Y Þ; g/ f 8 g is smooth.
Proof. We set gðx; yÞ :¼ f ðyÞ for ðx; yÞ 2 M  U : Then g is partially C1
in the second argument, with dn2gðx; yÞ ¼ d
nf ðyÞ for x 2 M ; y 2 TnU ¼
U  X 2
n1; which is a smooth function of ðx; yÞ: By Proposition 3.10,
CrK ðM; f Þ ¼ gn is smooth. ]
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open subset of X, K be a compact subset of M, and f :U ! Y be a K-analytic
mapping; if KaM; we assume furthermore that f ð0Þ ¼ 0: Then CrK ðM ; f Þ is a
K-analytic mapping.
Proof. Suppose K ¼ C ﬁrst. By Corollary 3.11, f :¼ CrK ðM ; f Þ is
smooth. Applying point evaluations, we easily verify that dfðg; *Þ is a
complex linear map, for each g 2 CrK ðM ; UÞ: Hence f is complex analytic,
by 1.6.
Now assume that K ¼ R: The mapping f being real analytic, it extends to
a complex analytic mapping f˜ : U˜ ! YC; deﬁned on some open neighbour-
hood U˜ of U in XC: Then C
r
K ðM ; U˜Þ is an open neighbourhood of C
r
K ðM ; UÞ
in CrK ðM; XCÞ ﬃ C
r
K ðM; X ÞC; and C
r
K ðM; f˜Þ is complex analytic by the
preceding. Thus CrK ðM; f Þ is real analytic. ]
More generally, we can establish complex analyticity of fn under natural
hypotheses.
Corollary 3.13. If X and Y are complex locally convex spaces in
Proposition 3.10, k ¼ 1; and f ðx; *Þ is complex analytic for each x 2 M; then
fn is complex analytic.
Proof. By Proposition 3.10 and its proof, the mapping fn is smooth,
with dðfnÞðg; ZÞðxÞ ¼ d2f ðx; gðxÞ; ZðxÞÞ for all, and x 2 M ; g 2 CrK ðM ; UÞ;
Z 2 CrK ðM ; X Þ: As f ðx; *Þ is assumed to be complex analytic, d2f ðx; y; *Þ is
complex linear for all ðx; yÞ 2 M  U : Thus ðdfnÞðg; ZÞ is complex linear in Z:
By 1.6, fn is complex analytic. ]
Remark 3.14. Complex vector spaces and complex analytic mappings
cannot be replaced by real vector spaces and real analytic mappings in the
preceding corollary. In fact, consider the mapping f :R R! R;
f ðx; yÞ :¼
ye

1
x2
x2þy2 if xa0;
0 if x ¼ 0
8<
:
for x; y 2 R: It is easy to see that f is smooth, whence f is partially C1 in the
second argument, with dn2 f a smooth function for each n 2 N0: Furthermore,
apparently f ðx; *Þ :R! R is real analytic for each x 2 R; and f ðx; 0Þ ¼ 0:
Let 04r41: By Proposition 3.10, the map fn : Cr½1;1ðR;RÞ ! C
r
½1;1ðR;RÞ
is smooth. However:
The mapping fn is not real analytic on any open zero-neighbourhood in
Cr½1;1ðR;RÞ:
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neighbourhood W in Cr½1;1ðR;RÞ: By deﬁnition of real analyticity, there
exists an open neighbourhood W˜ of W in Cr½1;1ðR;RÞC ¼ C
r
½1;1ðR;CÞ such
that fn extends to a complex analytic mapping g : W˜ ! Cr½1;1ðR;CÞ: We let
h :R! R be a Cr-function supported in ½1; 1; such that hðxÞ ¼ 1 for jxj
41
2
: Then there is 1
2
> d > 0 such that zh 2 W˜ for all z 2 Dd :¼ fz 2 C : jzjodg
and th 2 W for all t 2   d; d½: Choose any 0oxod: Then c : Dd ! C; cðzÞ
:¼ gðz  hÞðxÞ is a complex analytic mapping which extends f ðx; *Þjd;d½ as
cðyÞ ¼ gðyhÞðxÞ ¼ fnðyhÞðxÞ ¼ f ðx; yhðxÞÞ ¼ f ðx; yÞ for all y 2   d; d½: How-
ever, it is easy to see that the radius of convergence of the Taylor series of
f ðx; *Þ around 0 is x: As xod; we have reached a contradiction.
Still, we have the following substitute for Corollary 3.13 in the real
analytic case, which is fully sufﬁcient for our purposes.
Proposition 3.15. Given r, M ; and a compact subset K of M as above,
suppose that X and Y are real locally convex spaces, U 
 X is an open zero-
neighbourhood, and P a real analytic manifold modelled over a locally convex
space Z. Let f˜ : P  U ! Y be a real analytic mapping, and g : M ! P be a
mapping of class Cr; with compact image. Let
f :¼ f˜ 8 ðg idU Þ : M  U ! Y ;
we assume that f ðx; 0Þ ¼ 0 for all x 2 M =K : Then fn : CrK ðM; UÞ ! C
r
K ðM; Y Þ
is real analytic on CrK ðM ; QÞ for some open zero-neighbourhood Q 
 U :
Proof. As P is a real analytic manifold, for every a 2 P we ﬁnd a
diffeomorphism fa :Wa ! Pa of real analytic manifolds from an open zero-
neighbourhood Wa in Z onto an open neighbourhood Pa of a in P such that
fað0Þ ¼ a: Then ya :Wa  U ! Y ; yaðw; xÞ :¼ f˜ðfaðwÞ; xÞ is a real analytic
mapping and hence extends to a complex analytic mapping *ya : Ea ! YC;
deﬁned on an open neighbourhood Ea of Wa  U in ZC  XC: Shrinking Wa
if necessary, we may assume that Ea contains a zero-neighbourhood of the
form W 0a  ðQa þ i Q
0
aÞ for an open neighbourhood W
0
a of Wa in ZC; an
open zero-neighbourhood Qa 
 U in X ; and an open, symmetric, convex
zero-neighbourhood Q0a in X : As im g is compact, we have im g 

S
a2A Pa
¼: P0 for some ﬁnite subset A of P: Then Q0 :¼
T
a2A Q
0
a is an open,
symmetric, convex zero-neighbourhood in X ; and Q :¼
T
a2A Qa is an open
zero-neighbourhood. If a; a0 2 A; then for every p 2 Pa \ Pa0 ; the prescrip-
tions x/ *yaðf
1
a ðpÞ; xÞ and x/ *ya0 ðf
1
a0 ðpÞ; xÞ deﬁne complex analytic
mappings Q þ i Q0 ! YC which coincide on Q (where they coincide with
f˜ðp; *ÞjQ), and which therefore coincide. We abbreviate Q1 :¼ Q þ iQ
0: By the
preceding,
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1
a ðpÞ; xÞ if p 2 Pa; where a 2 A
is a well-deﬁned smooth mapping such that fˇðp; *Þ : Q1 ! YC is complex
analytic for each p 2 P0: Clearly h :¼ fˇ 8 ðg idQ1Þ; M  Q1 ! YC is partially
C1 in the second argument, dn2h ¼ d
n
2 fˇ 8 ðg idTnQ1 Þ : M  T
nQ1 ! YC is of
class Cr for each n 2 N0; and hðx; *Þ is complex analytic for each x 2 M :
Furthermore, hðx; 0Þ ¼ f ðx; 0Þ ¼ 0 for all x 2 M =K ; noting that h extends
f jMQ by construction. By Corollary 3.13, the mapping hn :C
r
K ðM ; Q1Þ !
CrK ðM; YCÞ ¼ C
r
K ðM ; Y ÞC is complex analytic. Thus fnjCrK ðM ;QÞ ¼ hnjCrK ðM;QÞ is
real analytic. ]
3.2. The Lie Group Structure on CrK ðM; GÞ
Let G be any smooth or K-analytic Lie group. We show that
CrK ðM ; GÞ :¼ fg 2 C
rðM; GÞ : gjM=K ¼ 1g
can be made a smooth, resp., K-analytic Lie group, with Lie algebra
CrK ðM; LðGÞÞ:
3.16. Let f :U1 ! U be a chart of G; deﬁned on an open identity
neighbourhood U1 in G; with values in an open zero-neighbourhood U in
LðGÞ; such that fð1Þ ¼ 0: Let V1 be an open, symmetric identity neighbour-
hood in G such that V1V1 
 U1; and set V :¼ fðV1Þ: Then the mappings
m : V  V ! U ; mðx; yÞ :¼ fðf1ðxÞ  f1ðyÞÞ
and
i : V ! V ; iðxÞ :¼ fðf1ðxÞ1Þ
are smooth, resp., K-analytic. We equip CrK ðM; U1Þ :¼ fg 2 C
r
K ðM ; GÞ :
gðMÞ 
 U1g with the smooth (resp., K-analytic) manifold structure making
the bijection
CrK ðM ; U1Þ ! C
r
K ðM ; UÞ; g/f 8 g
a diffeomorphism of smooth (resp., K-analytic) manifolds.
3.17. As CrK ðM; V Þ  C
r
K ðM ; V Þ ﬃ C
r
K ðM; V  V Þ and C
r
K ðM ;mÞ :
CrK ðM ; V  V Þ ! C
r
K ðM; UÞ smooth (resp., K-analytic) mapping by
Corollary 3.11 (resp., Corollary 3.12), we deduce that the group multi-
plication of CrK ðM ; GÞ induces a smooth (resp., K-analytic) mapping
CrK ðM; V1Þ  C
r
K ðM; V1Þ ! C
r
K ðM; U1Þ: Similarly, inversion is smooth (resp.,
K-analytic) on CrK ðM; V1Þ:
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 gðKÞ [ f1g is compact, there is
an open identity neighbourhood W1 
 V1 in G and an open neighbourhood
P of gðMÞ in G such that pW1p1 
 U1 for all p 2 P: Set W :¼ fðW1Þ: As
CrK ðM; W Þ is open in C
r
K ðM ; V Þ; we deduce that C
r
K ðM; W1Þ is open in
CrK ðM; V1Þ: The mapping h :P  W1 ! U1; hðp; wÞ :¼ pwp
1 being smooth
(resp., K-analytic), we deduce that so is f˜ :¼ f 8 h 8 ðidP  f
1Þ : P  W !
U : Then clearly the mapping f :¼ f˜ 8 ðg idW Þ : M  W ! U ; f ðx; yÞ ¼
fðgðxÞf1ðyÞgðxÞ1Þ is partially C1 in the second argument, with dn2 f : M 
TnW ! LðGÞ of class Cr for all n 2 N0: Furthermore, clearly f ðx; *Þ is
complex analytic for all x in the case where G is a complex analytic Lie
group. In the case where G is a smooth or complex analytic Lie group, we
deduce from Proposition 3.10 (resp., Corollary 3.13) that the mapping fn :
CrK ðM; W Þ ! C
r
K ðM; UÞ is smooth (if G is a smooth Lie group), resp.,
complex analytic (if G is a complex Lie group). Thus conjugation by g is
smooth (resp., complex analytic) on the open identity neighbourhood
CrK ðM; W1Þ 
 C
r
K ðM ; V1Þ: If G is a real analytic Lie group, Proposition 3.15
shows that fnjCr
K
ðM ;QÞ is real analytic at least for some open zero-
neighbourhood Q 
 W ; and thus conjugation by g is real analytic on
CrK ðM;f
1ðQÞÞ 
 CrK ðM; V1Þ: In either case, Proposition 1.13 provides a
unique smooth, resp., complex analytic, resp., real analytic Lie group
structure on CrK ðM; GÞ making C
r
K ðM ; V1Þ an open submanifold.
3.19. The Lie group CrK ðM; GÞ being modelled on C
r
K ðM ; LðGÞÞ; its Lie
algebra coincides with CrK ðM; LðGÞÞ as a topological vector space. Let us
show that the Lie bracket is the map CrK ðM; ½:; :Þ on C
r
K ðM ; LðGÞ
2Þ ﬃ
CrK ðM; LðGÞÞ
2 (which is continuous by Corollary 3.11). To this end, note
ﬁrst that the point evaluation px : CrK ðM ; GÞ ! G; pxðgÞ :¼ gðxÞ is a
smooth (resp., K-analytic) homomorphism for each x 2 M ; since px 8
CrK ðM;f
1jV Þ ¼ f
1jV 8Pxj
V
Cr
K
ðM ;V Þ is smooth (resp., K-analytic), as the
point evaluation Px : CrK ðM ; LðGÞÞ ! LðGÞ is a continuous linear map. We
assume now that f is chosen such that T1 (f)=idL (G). Identifying T1CrK 
ðM; GÞ with CrK ðM ; LðGÞÞ by means of the chart C
r
K ðM ;fj
V
V1
Þ; and T1G with
LðGÞ using the chart f; we clearly have LðpxÞ ¼ T1ðpxÞ ¼ Px: As LðpxÞ is a
Lie algebra homomorphism, we deduce that ½g; ZðxÞ ¼ ½gðxÞ; ZðxÞ for all
g; Z 2 CrK ðM; LðGÞÞ: The assertion follows.
3.3. Functoriality of CrK ðM ; *Þ
The following variant of Corollary 3.11 is essential for Section 8.
Proposition 3.20. Suppose that G1 and G2 are smooth (resp., K-
analytic) Lie groups, and suppose that f : G1 ! G2 is a smooth (resp., K-
analytic) mapping. Let M and r be as above, and K be a compact subset of M.
HELGE GLO¨CKNER376If KaM ; assume that f ð1Þ ¼ 1: Then the mapping CrK ðM ; f Þ : C
r
K ðM ; G1Þ !
CrK ðM; G2Þ; g/ f 8 g is smooth (resp., K-analytic).
Proof. For j 2 f1; 2g; let fj : Uj ! Vj be a diffeomorphism of smooth
(resp., K-analytic) manifolds from an open zero-neighbourhood Uj in LðGjÞ
onto an open identity neighbourhood Vj in Gj ; such that fjð0Þ ¼ 1; C
r
K 
ðM; VjÞ is an open identity neighbourhood in CrK ðM; GjÞ; and Fj :¼ C
r
K 
ðM;fjÞ : C
r
K ðM; UjÞ ! C
r
K ðM; VjÞ is a diffeomorphism of smooth (resp., K-
analytic) manifolds. The mapping
g˜ :G1  U1 ! G2; g˜ða; X Þ :¼ f ðaÞ
1f ða  f1ðX ÞÞ
is smooth (resp., K-analytic), and g˜ða; 0Þ ¼ 1 for every a 2 G1: Suppose g 2
CrK ðM; G1Þ is given. Then ðim gÞ  f0g being a compact subset of G1  U1 on
which g˜ ¼ 1; we ﬁnd an open neighbourhood P of im g in G1 and an open
zero-neighbourhood Q 
 U1 such that g˜ðP  QÞ 
 V2: Then the mapping
h˜ :¼ f12 8 g˜j
V2
PQ; P  Q ! U2 
 LðG2Þ is smooth (resp., K-analytic). We
deﬁne
h :¼ h˜ 8 ðgj
P  idQÞ; M  Q ! U2: ð3Þ
Thus hðx; X Þ :¼ f12 ½f ðgðxÞÞ
1f ðgðxÞf1ðX ÞÞ for all x 2 M and X 2 Q:
Smooth or complex analytic case. The mappings h˜; g; and idQ being of
class C1; Cr; and C1; respectively, we easily deduce from Eq. (3) that h is
partially C1 in the second argument, with dn2h : M  T
nQ ! LðG2Þ of class
Cr; for every n 2 N0: In the complex analytic case, furthermore apparently
hðx; *Þ is complex analytic for each x 2 M: By Proposition 3.10 (resp.,
Corollary 3.13) the mapping hn : C
r
K ðM ; QÞ ! C
r
K ðM ; U2Þ is smooth (resp.,
complex analytic). We set Q0 :¼ Q:
In the real analytic case, hnjCr
K
ðM ;Q0Þ is real analytic for some open zero-
neighbourhood Q0 
 Q; by Proposition 3.15.
In either case, we let lg : CrK ðM; G1Þ ! C
r
K ðM; G1Þ; s/ g  s denote left
translation by g on CrK ðM; G1Þ and lf 8 g denote left translation by f 8 g on
CrK ðM; G2Þ: We abbreviate V
0
1 :¼ f1ðQ
0Þ: Since
F12 8 ðl
1
f 8 g 8
CrK ðM ; f Þ 8 lgÞj
Cr
K
ðM;V2Þ
Cr
K
ðM;V 0
1
Þ 8F1j
Cr
K
ðM ;V 0
1
Þ
Cr
K
ðM ;Q0Þ ¼ hnjCrK ðM ;Q0Þ
is a smooth (resp., K-analytic) mapping, it follows that l1f 8 g 8C
r
K ðM ; f Þ 8 lg is
smooth (resp., K-analytic) on the identity neighbourhood CrK ðM; V
0
1Þ of
CrK ðM; G1Þ: Translations being diffeomorphisms, this entails that C
r
K ðM ; f Þ
is smooth (resp., K-analytic) on some neighbourhood of g: ]
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homomorphisms in particular, we deduce that functors CrK ðM; *Þ from the
category of smooth Lie groups and smooth homomorphisms (resp., K-
analytic Lie groups and K-analytic homomorphisms) into itself can be
deﬁned.
3.4. CrK ðM ; GÞ When G is a BCH–Lie Group
Let r and M be as before, K be a compact subset of M ; and G be a K-
analytic BCH–Lie group. We show that CrK ðM ; GÞ; equipped with the K-
analytic Lie group structure deﬁned above, is a K-analytic BCH–Lie
group.
Theorem 3.22. For every K-analytic BCH–Lie group G, the mapping
group CrK ðM ; GÞ is a K-analytic BCH–Lie group, with Lie algebra
CrK ðM; LðGÞÞ and exponential function C
r
K ðM; expGÞ:
Proof. Let us assume first that G is a complex BCH–Lie group.
3.23. We let U be a balanced open zero-neighbourhood in LðGÞ such
that the Campbell–Hausdorff series converges on U  U to a complex
analytic function * :¼ m : U
2 ! LðGÞ: Then mð0; 0Þ ¼ 0; and CrK ðM ;mÞ :
CrK ðM; U
2Þ ! CrK ðM ; LðGÞÞ is a complex analytic mapping by Corollary
3.12. Since CrK ðM ; UÞ
2 ﬃ CrK ðM ; U
2Þ as complex analytic manifolds, we
deduce that m :CrK ðM ; UÞ
2 ! CrK ðM ; LðGÞÞ; mðg; ZÞðxÞ ¼ gðxÞ*ZðxÞ (where
g; Z 2 CrK ðM; UÞ; x 2 M) is a complex analytic map. As P :¼ C
r
K ðM; UÞ
2 is a
balanced open zero-neighbourhood in CrK ðM ; LðGÞÞ
2 and m is complex
analytic on P; there is a sequence of continuous homogeneous polynomials
an : CrK ðM ; LðGÞÞ
2 ! CrK ðM ; LðGÞÞ such that mðg; ZÞ ¼
P1
n¼0 anðg; ZÞ for all
g; Z 2 P (as follows from [4, Proposition 5.5]); here a0 ¼ 0 as 0*0 ¼ 0: Since
mðg; ZÞðxÞ ¼ gðxÞ*ZðxÞ for all x 2 M ; where the point evaluations are
continuous complex linear functionals, we obtain
P1
n¼1 anðg; ZÞðxÞ ¼
P1
n¼1
bnðgðxÞ; ZðxÞÞ; where
P1
n¼1 bn is the Campbell–Hausdorff series on LðGÞ
2:
This implies that
P1
n¼1 an is the Campbell–Hausdorff series on
CrK ðM; LðGÞÞ
2:
3.24. Since U is connected, it follows from the Identity Theorems
for analytic functions (cf. [4, Proposition 6.6]) that expGðX *Y Þ ¼
expGðX Þ expGðY Þ for all X ; Y 2 U : Shrinking U without loss of generality,
we may assume that U1 :¼ expGðUÞ is open in G; and that expG j
U1
U ¼: f
1 is
a diffeomorphism of complex analytic manifolds. We let V be any open
symmetric zero-neighbourhood in LðGÞ such that V *V 
 U ; and set V1 :¼
expGðV Þ: Then U ; U1; V ; V1; and f can be used in Step 3.16 of the
construction of the manifold structure on CrK ðM ; GÞ: We deduce that
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V
V1
Þ is a diffeomorphism of K-analytic manifolds, and so is its
inverse CrK ðM ; expGÞj
Cr
K
ðM ;V1Þ
Cr
K
ðM ;V Þ : It now easily follows that C
r
K ðM; GÞ is a
complex BCH–Lie group with the asserted properties.
Now assume that G is a real BCH–Lie group.
3.25. Since G is a real BCH–Lie group, there exists an open balanced
zero-neighbourhood U˜ in LðGÞC such that the Campbell–Hausdorff series
converges to a complex analytic function *m : U˜  U˜ ! LðGÞC: As in 3.23, we
see that the mapping
CrK ðM ; U˜Þ
2 ﬃ CrK ðM ; U˜
2Þ ! CrK ðM ; LðGÞCÞ; ðg; ZÞ/ *m 8 ðg; ZÞ
is complex analytic, and is given by the Campbell–Hausdorff series.
3.26. We let U 
 U˜ be an open zero-neighbourhood in LðGÞ such that
ðexpG j
U1
U Þ ¼: f
1 is a diffeomorphism of real analytic manifolds onto an
open subset U1 of G; and let V 
 U be a balanced open zero-neighbourhood
in LðGÞ such that *mðV  V Þ 
 U : Then m :¼ *mjLðGÞVV is a real analytic function,
which is the limit of the Campbell–Hausdorff series of LðGÞ on V  V : We
have V1V1 
 U1 for V1 :¼ expGðV Þ; and fðexpGðX Þ expGðY ÞÞ ¼ mðX ; Y Þ for
X ; Y 2 V : In view of the considerations in 3.25, the mapping CrK ðM ; V Þ
2 !
CrK ðM; LðGÞÞ; ðg; ZÞ/ m 8 ðg; ZÞ is real analytic and is the limit of the
Campbell–Hausdorff series of CrK ðM; LðGÞÞ on C
r
K ðM ; V Þ
2: As we may use
U ; U1; V ; V1; and f in 3.16, we deduce as in 3.24 that CrK ðM; GÞ is a real
BCH–Lie group with the asserted properties. This completes the proof of
Theorem 3.22. ]
Note that the preceding proof provides an explicit description of zero-
neighbourhoods in CrK ðM; LðGÞÞ
2 on which the BCH-series converges to a
K-analytic function.
Remark 3.27. Suppose that G is a complex BCH–Lie group such that
the atlas of local coordinate systems provided by translates of expG
(restricted to a suitable zero-neighbourhood) has both complex analytic and
real analytic coordinate changes (cf. 1.11); thus G is both a complex BCH–
Lie group and a real BCH–Lie group. Then the same holds for CrK ðM ; GÞ: In
fact, the preceding construction allows us to give CrK ðM ; GÞ both a complex
BCH–Lie group structure and a real BCH–Lie group structure. In either
case, CrK ðM ; expGÞ can be used to deﬁne coordinate charts, so we have
a simultaneous atlas for the real and complex manifold structure on
CrK ðM; GÞ:
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Let M be a s-compact ﬁnite-dimensional Cr-manifold, where 04r41;
and G be a K-analytic BCH–Lie group. In this section, we show that the
group DrðM ; GÞ :¼
S
K C
r
K ðM ; GÞ of G-valued test functions of class C
r on
M can be equipped with a K-analytic BCH–Lie group structure. More
generally, we show that DrðM ; GÞ has a natural smooth (resp., K-analytic)
Lie group structure, for any smooth (resp., K-analytic) Lie group G: In the
case where G is a ﬁnite-dimensional connected Lie group, the topology on
DrðM ; GÞ had already been constructed in [1], based on explicit estimates for
the Campbell–Hausdorff series. Furthermore, for ﬁnite-dimensional G; an
analytic structure on D1ðM ; GÞ has been described in [33, p. 80; 34, p. 390]
(in terms of direct limit sheaves). It is also known that C1ðM ; GÞ (and
thus D1ðM ; GÞ) can be given a Lie group structure in the sense of
convenient differential calculus, for every Lie group G in this very broad
sense, which does not presuppose (nor entail) continuity of the group
operations [26].
In this section, we show thatDrðM ; GÞ can be turned into a smooth (resp.,
K-analytic) Lie group in the strong sense described in Section 1, for every
smooth (resp., K-analytic) Lie group in this sense. If G is BCH, then so is
DrðM ; GÞ; and the exponential function DrðM ; LðGÞÞ ! DrðM; GÞ; g/
expG 8 g can be used to deﬁne charts for D
rðM ; GÞ in this case (as in the
ﬁnite-dimensional case discussed in [1, 34]). When G is BCH, it turns out
that DrðM ; GÞ is in fact the direct limit of the groups CrK ðM ; GÞ in suitable
categories of Lie groups (Proposition 4.24), as in the case of ﬁnite-
dimensional G considered in [34]. We also study differentiability and
analyticity properties of mappings between test function groups. These
studies are the basis for our later discussions of universal complexiﬁca-
tions of test function groups, and polar decompositions thereof
(Section 9).
4.1. Technical Preliminaries
As a preliminary for our studies of test function groups, we need a solid
understanding of spaces of vector-valued test functions. We begin with a
more explicit description of the topology on CrðM; X Þ:
4.1. Let M be a s-compact, ﬁnite-dimensional Cr-manifold, where 04
r41; and X be a locally convex vector space over K: Let G be a set of
continuous seminorms q : X ! ½0;1½ on X deﬁning the topology. We
assume that G is directed in the sense that, for every q1; q2 2 G; there exists
q3 2 G such that q14q3 and q24q3 pointwise. We letKðMÞ be the set of all
compact subsets of M :
HELGE GLO¨CKNER3804.2. Using [27, Chap. II, Sect. 3, Theorem 3.3], we ﬁnd a locally ﬁnite
open cover ðU˜nÞn2N of M; a sequence ð *fnÞn2N of charts *fn : U˜n ! V˜n of M ;
where V˜n is an open subset of R
d (with d :¼ dimðMÞ), and relatively
compact open subsets Un 
 U˜n such that M ¼
S
n2N Un; we set fn :¼ *fnj
Vn
Un
;
where Vn :¼ *fnðUnÞ (which is a relatively compact, open subset of V˜n).
4.3. Given n 2 N; q 2 G; and k 2 jr; we deﬁne
jjgjjn;q;k :¼ max
a2Nd0 ;jaj4k
sup
x2Vn
qð@aðgjUn 8f
1
n ÞðxÞÞ
for g 2 CrðM ; X Þ; using standard multi-index notation for the partial
derivatives. Note that the supremum is ﬁnite as Vn is relatively compact in
V˜n: Clearly jj:jjn;q;k is a seminorm on C
rðM ; X Þ; for any n 2 N; q 2 G; and
k 2 jr:
Then we have:
Proposition 4.4. The topology on CrðM ; X Þ described in Definition 3.1
coincides with the locally convex vector topology determined by the family of
seminorms ðjj:jjn;q;kÞ; where n 2 N; q 2 G; and k 2 jr:
Proof. Each jj:jjn;q;k is continuous on C
rðM ; X Þ: Clearly, this will hold if
we can show that the seminorm h :CrðM; X Þ ! ½0;1½; hðgÞ :¼ supx2Vn
qð@aðgjUn 8f
1
n ÞðxÞÞ is continuous at 0; for each n 2 N; q 2 G; and a 2 N
d
0 such
that jaj4r: Let k :¼ jaj: The chart *fn of M induces a chart T
kð *fnÞ :
TkðU˜nÞ ! TkðV˜nÞ ¼ Vn  ðR
d Þ2
k1 of TkM: From [13, Proof of Lemma
1.14, Claim 2], we deduce that there exists w 2 ðRdÞ2
k1 such that
@af ðxÞ ¼ dkf ðx; wÞ for all x 2 V˜n and f 2 CkðV˜n; X Þ: Since K :¼ Tkð *fnÞ
1
ðVn  fwgÞ is a compact subset of TkðU˜nÞ 
 TkM ; given e > 0; the set H :
¼ fg 2 CrðM ; X Þ : sup qððdkgÞðKÞÞoeg is a zero-neighbourhood in CrðM ;X Þ;
using that dk : CrðM; X Þ ! CðTkM; X Þc is continuous with respect to the
topology of compact convergence on CðTkM ; X Þ: It remains to note that
sup qððdkgÞðKÞÞ ¼ hðgÞ; whence h1ðBeð0ÞÞ ¼ H is a zero-neighbourhood.
The seminorms jj:jjn;q;k define the topology of C
rðM ; X Þ: In fact, by
deﬁnition of the topology on CrðM ; X Þ; the ﬁlter of zero-neighbourhoods
of CrðM ; X Þ has a subbasis of sets of the form Wðk; K ; q; eÞ :¼
fg 2 CrðM; X Þ : sup qððdkgÞðKÞÞoeg; where k 2 jr; K is a compact subset
of TkM; q is a continuous seminorm on X ; and e > 0: It is clear that it
sufﬁces to take q 2 G here. Furthermore, TkM being locally compact, we can
cover any compact subset K 
 TkM by ﬁnitely many compact subsets
K1; . . . ; Km such that Kj 
 TkðUnðjÞÞ for some nðjÞ 2 N; for 14j4m: Hence
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 TkM only
which are contained in TkðUnÞ for some n:
So, assume that k 2 jr; K is a compact subset of TkM with K 
 TkðUnÞ
for some n; q 2 G; and e > 0: Then K 0 :¼ ðTkfnÞðKÞ is a compact subset of
TkðVnÞ ¼ Vn  ðR
dÞ2
k1; and thus K 0 
 A  ½R; R 2
k1 for some compact
subset A of Vn and some R > 0: Set i :¼ ji =f0g ¼ f1; . . . ; ig for i 2 N: By
[13, Proof of Lemma 1.14, Claim 1], there are functions ni;* :2k  1i ! N0
for i ¼ 1; . . . ; k such that
dkf ðx; vÞ ¼
Xk
i¼1
X
b22k1i
X
a2di
ni;bvb1;a1  . . .  vbi ;ai 
@
@xa1
  
@
@xai
f
 
ðxÞ
ð4Þ
for all f 2 CkðVn; X Þ; x 2 Vn; and v ¼ ðv1; . . . ; v2k1Þ 2 ðR
dÞ2
k1; where
vj ¼ ðvj;1; . . . ; vj;dÞ for j ¼ 1; . . . ; 2k  1: Set r :¼
Pk
i¼1
P
b22k1i ni;bd
i  Ri:
Then, by Eq. (4),
sup qððdkgÞðKÞÞ ¼ sup qðdkðgjUn 8f
1
n ÞðK
0ÞÞ4r jjgjjn;q;k
for all g 2 CrðM; X Þ: We deduce that fg 2 CrðM ; X Þ : jjgjjn;q;koerg

Wðk; K ; q; eÞ: ]
Definition 4.5. We letDrðM ; X Þ :¼
S
K2KðMÞ C
r
K ðM; X Þ 
 C
rðM; X Þ be
the space of all compactly supported, X -valued functions of class Cr on M ;
and equip DrðM; X Þ with the locally convex vector topology making it the
direct limit of the spaces CrK ðM; X Þ (equipped with the topology described in
Deﬁnition 3.1) in the category of locally convex topological vector spaces.
The functions g 2 DrðM ; X Þ are called X -valued test functions of class Cr
on M:
Remark 4.6. Let ðKnÞn2N be a sequence of compact subsets of M such
that Kn 
 ðKnþ1Þ
0 and
S
n2N Kn ¼ M : Then fKn : n 2 Ng is a coﬁnal subset of
KðMÞ; and therefore DrðM ; X Þ ¼!lim C
r
Kn
ðM ; X Þ in the category of locally
convex spaces. In particular, DrðM ; X Þ is an LF-space provided every
CrK ðM; X Þ is a Fre´chet space, and an LB-space provided every C
r
K ðM; X Þ
is a Banach space. Furthermore, we deduce that the inclusion maps
CrK ðM; X Þ ! D
rðM ; X Þ are topological embeddings for all K 2KðMÞ
[45, Chap. II, Sect. 6, Assertion 6.3].
To obtain a more explicit description of the topology on DrðM; X Þ; we
adapt ideas from [46, Chap. III, Sect. 1; 1].
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e ¼ ðenÞn2N of seminorms qn 2 G; natural numbers kn 2 jr; and positive real
numbers en > 0; we deﬁne
Vðq; k; eÞ :¼ fg 2 DrðM; X Þ : jjgjjn;qn;knoen for all n 2 Ng:
Proposition 4.8. For ðq; k; eÞ 2 GN  jrN  ðRþÞN; the sets Vðq; k; eÞ
form a basis of the filter of zero-neighbourhoods in DrðM; X Þ: Every Vðq; k; eÞ
is open in DrðM ; X Þ:
Proof. Using that ðUnÞn2N is a locally ﬁnite open cover of M; we easily
see that the sets Vðq; k; eÞ form a basis of convex, open zero-neighbour-
hoods for a locally convex vector topology O on DrðM ; X Þ; which makes the
inclusion maps CrK ðM ; X Þ ! D
rðM; X Þ embeddings of topological vector
spaces. We show that ðDrðM ; X Þ;OÞ is the locally convex direct limit of its
subspaces CrK ðM; X Þ; by verifying the universal property. Thus, suppose
that ðlK ÞK2KðMÞ is a family of continuous linear maps lK : C
r
K ðM; X Þ ! Y
into a locally convex space Y such that lC jCr
K
ðM ;X Þ ¼ lK for all K ; C 2KðMÞ
such that K 
 C: As DrðM ; X Þ ¼!lim C
r
K ðM; X Þ in the category of vector
spaces, there is a unique linear map l :DrðM; X Þ ! Y such that ljCr
K
ðM;X Þ ¼
lK for all K : It only remains to show that l is continuous. To this end, let a
continuous seminorm p on Y and e > 0 be given. We let ðhnÞn2N be a C
r-
partition of unity subordinate to the open covering ðUnÞn2N [27, Chap. II,
Sect. 3, Corollary 3.4]. Thus 04hn41; Cn :¼ suppðhnÞ 
 Un; and
P1
n¼1 hn ¼
1: It is easy to see that the topology on CrCnðM ; X Þ is determined by the
family of seminorms ðjj:jjn;q;kÞq2G;k2jr (restricted to that space), which is
directed. As lCn is continuous, we deduce that there exist qn 2 G; kn 2 jr and
dn > 0 such that pðlCnðgÞÞo e2n for all g 2 CrCnðM; X Þ such that jjgjjn;qn;knodn:
Scalar multiplication on X being a continuous bilinear map, we have, by the
apparent analogue of the Leibniz Rule,
@aðhngÞ ¼
X
b4a
a
b
 !
ð@bhnÞð@abgÞ ð5Þ
for all g 2 CrðM ; X Þ and multi-indices a such that jaj 2 jr (as a consequence
of the Chain Rule). Furthermore, hng 2 CrCnðM ; X Þ: We deduce from Eq. (5)
that jjhngjjn;qn;knodn for all g 2 CrðM; X Þ such that jjgjjn;qn;knoen; when en > 0
is chosen such that
dn > en maxa2Nd0 ;jaj4kn
X
b4a
a
b
 !
supx2Cn j@
bhnðxÞj:
Let q :¼ ðqnÞn2N; k :¼ ðknÞn2N; and e :¼ ðenÞn2N: Then pðlðgÞÞoe for all g 2
LIE GROUP STRUCTURES 383Vðq; k; eÞ: In fact, there is N 2 N such that Un \ suppðgÞ ¼ | for n > N :
Then lðgÞ ¼
PN
n¼1 lCn ðhn  gÞ; and thus pðlðgÞÞ4
PN
n¼1
e
2n
oe: ]
We collect various simple lemmas for later use.
Lemma 4.9. DrðM; UÞ :¼ fg 2 DrðM ; X Þ : imðgÞ 
 Ug is an open subset
of DrðM ; X Þ for every open subset U of X .
Proof. If g 2 DrðM ; UÞ; then U is an open neighbourhood of the
compact set imðgÞ 
 f0g [ gðsuppðgÞÞ: Thus, there exists an open convex
zero-neighbourhood W in X such that imðgÞ þ W 
 U : Then gþ
DrðM ; W Þ 
 DrðM; UÞ; and the proof will be complete if we can show that
DrðM ; W Þ is a zero-neighbourhood. But this is true, as DrðM ; W Þ is convex,
and DrðM; W Þ \ CrK ðM ; X Þ ¼ C
r
K ðM ; W Þ is open in C
r
K ðM ; X Þ for each
compact subset K of M : ]
Remark 4.10. If U is open in X ; we shall always consider the open set
DrðM ; UÞ as an open K-analytic submanifold of the locally convex K-vector
space DrðM; X Þ:
Lemma 4.11. If Y is another locally convex space and f : X ! Y a
continuous linear map, then DrðM ; f Þ :DrðM; X Þ ! DrðM ; Y Þ; g/ f 8 g is a
continuous linear map.
Proof. For each K 2KðMÞ; the restriction of DrðM; f Þ to CrK ðM ; X Þ is
continuous as the composition of the continuous inclusion map
CrK ðM; Y Þ ! D
rðM ; Y Þ and the continuous map CrK ðM ; f Þ (Lemma 3.3).
The mapping DrðM; f Þ being linear, in view of DrðM ; X Þ ¼!lim C
r
K ðM; X Þ
we deduce from the preceding that DrðM ; f Þ is continuous. ]
Making use of Lemma 4.11, we deduce as in the proof of Lemma 3.4:
Lemma 4.12. We have DrðM; X1  X2Þ ﬃ DrðM ; X1Þ DrðM ; X2Þ as
topological vector spaces, for any locally convex spaces X1 and X2:
And as a consequence:
Lemma 4.13. If X is a real locally convex space, then DrðM ; X ÞC ¼
DrðM ; XCÞ:
Let us turn to non-linear mappings now.
HELGE GLO¨CKNER384Proposition 4.14. Let X and Y be locally convex spaces, U be a
balanced open zero-neighbourhood in X ; k 2 N0 [ f1g; and f :M  U ! Y
be a mapping such that
(a) f ðx; 0Þ ¼ 0 for all x 2 M ;
(b) f is partially Ck in the second argument, and
(c) the functions d
j
2f are of class C
r; for every j 2 jk:
Then fn :D
rðM ; UÞ ! DrðM ; Y Þ; g/ f 8 ðidM ; gÞ is a mapping of class C
k:
Proof. We let G2 be a directed set of continuous seminorms deﬁning the
locally convex vector topology on Y ; and deﬁne seminorms jj:jjn;p;‘ on the
space CrðM; Y Þ for n 2 N; p 2 G2; ‘ 2 jr as well as an open basis of zero-
neighbourhoods Vðp; ‘; eÞ for DrðM ; Y Þ (where p 2 GN2 ; ‘ 2 jr
N; e 2 ðRþÞN)
as explained above. It clearly sufﬁces to prove the assertion if ko1: To this
end, we prove the following claim by induction on k:
Claim. The mapping fn is of class Ck; and dkðfnÞ ¼ ðdk2 f Þn :
DrðM ; TkUÞ ! DrðM ; Y Þ; identifying DrðM; TkUÞ ¼ DrðM; U  X 2
k1Þ
with DrðM ; UÞ DrðM ; X Þ2
k1 by means of Lemma 4.12.
Case k ¼ 0: As d0ðfnÞ ¼ fn and d02 f ¼ f by deﬁnition, we only need to
show that fn is continuous. To this end, let g0 2 D
rðM ; UÞ; p ¼ ðpnÞ 2
GN2 ; ‘ ¼ ð‘nÞ 2 jr
N; and e ¼ ðenÞ 2 ðR
þÞN be given; we have to ﬁnd a
neighbourhood W of g0 in D
rðM; UÞ such that jjfng fng0jjn;pn;‘noen for all
g 2 W and n 2 N: To this end, we choose Cr-functions hn : M ! R such that
imðhnÞ 
 ½0; 1; hnjUn ¼ 1; and suppðhnÞ 
 U˜n: This is possible as Un is a
compact subset of U˜n: For each n; there is a ﬁnite subset Fn 
 N such that
suppðhnÞ 

S
m2Fn Um and suppðhnÞ \ Uma| for all m 2 Fn: Now the map
fn : C
r
suppðhnÞðM; UÞ ! C
r
suppðhnÞðM ; Y Þ being continuous by Proposition 3.10,
we easily deduce that there exists sn 2 G; kn 2 jr; and yn > 0 such that
jjfng fnðhng0Þjjn;pn;‘noen ð6Þ
for all g 2 CrsuppðhnÞðM ; UÞ such that jjg hng0jjm;sn;knoyn for all m 2 Fn: Now,
using the Leibniz Rule as in the proof of Proposition 4.8, we ﬁnd real
numbers rn > 0 such that jjhngjjm;sn;knoyn for all g 2 CrðM ; X Þ such that
jjgjjm;sn;knorn: Note that as ðU˜nÞn2N is a locally ﬁnite covering of M ; and
suppðhnÞ 
 U˜n; the sets Nm :¼ fn 2 N : m 2 Fng are ﬁnite, for every m 2 N
(N.B. Um is compact). We set dm :¼ minn2Nm rn; km :¼ maxn2Nm kn; and
choose a seminorm qm 2 G such that qm5sn for all n 2 Nm; which is possible
as G is directed. We set q :¼ ðqnÞn2N; k :¼ ðknÞn2N; and d :¼ ðdnÞn2N: Then, by
Eq. (6)
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for all g 2 W :¼ ðg0 þVðq; k; dÞÞ \D
rðM; UÞ and every n 2 N; since
jjhn  g hng0jjm;sn;kn ¼ jjhnðg g0Þjjm;sn;knoyn as jjg g0jjm;sn;kn4jjg g0jjm;qm ;km
odm4rn for each n 2 N and m 2 Fn: Thus fn is continuous.
Induction step. Let k51; and suppose the claim holds for every function f
when k is replaced by k  1: Let f be a function satisfying the hypotheses of
the proposition for k: Then fn is of class Ck1; and dk1ðfnÞ ¼ ðdk12 f Þn :D
r 
ðM; Tk1UÞ ! DrðM ; Y Þ; where dk12 f : M  T
k1U ! Y is partially C1 in
the second argument, and both dk12 f and d2ðd
k1
2 f Þ are mappings of class
Cr by the hypotheses on f : Given g 2 DrðM; Tk1UÞ and Z 2 DrðM ; X 2
k1
Þ;
setting K :¼ suppðgÞ [ suppðZÞ; we have gþ tZ 2 CrK ðM; X
2k1Þ for all t 2 R;
where the natural topology on CrK ðM ; X
2k1 Þ coincides with the topology
induced by DrðM ; X 2
k1
Þ: By Proposition 3.10 and its proof, the mapping
ðdk12 f Þn : C
r
K ðM; T
k1UÞ ! CrK ðM ; Y Þ is of class C
1; with dððdk12 f ÞnÞ ¼
ðdk2 f Þn : C
r
K ðM ; T
kUÞ ! CrK ðM ; Y Þ: We deduce that the directional deriva-
tive dððdk12 f ÞnÞðg; ZÞ exists in D
rðM ; Y Þ; and is given by ðdk2 f Þnðg; ZÞ: Here
ðdk2 f Þn :D
rðM ; TkUÞ ! DrðM ; Y Þ is continuous by the case k ¼ 0 of the
present induction. Thus dk1ðfnÞ ¼ ðdk12 f Þn is of class C
1 and thus fn is of
class Ck: By the preceding formulas, furthermore dkðfnÞ ¼ ðdk2 f Þn: ]
Remark 4.15. In the preceding proof, the existence of the directional
derivatives of fn :D
rðM ; UÞ ! DrðM ; Y Þ immediately followed from the
differentiability of the restrictions fnjCr
K
ðM ;UÞ : C
r
K ðM; UÞ ! D
rðM; Y Þ to the
corresponding open subsets of the vector subspaces CrK ðM; X Þ of the locally
convex direct limit DrðM; X Þ ¼!lim C
r
K ðM ; X Þ: In contrast, to establish the
continuity of fn and its differentials d
jfn; a certain amount of work was
needed, and we had to exploit the speciﬁc form of these mappings. This is
unavoidable, since already on the space D1ðR;RÞ ¼!lim C
1
½n;nðR;RÞ of real-
valued smooth test functions on the real line, mappings are known to exist
which are discontinuous although their restriction to C1½n;nðR;RÞ is
continuous for all n 2 N (cf. [9, p. 506]).
A particularly striking explicit example of such a mapping is
f :D1ðR;RÞ ! D1ðR;RÞ; g/ g 8 g gð0Þ:
It can be shown that the restriction of f to C1½n;nðR;RÞ is smooth, for each
n 2 N: However, f is discontinuous at g ¼ 0: We omit the proof.
As in Corollary 3.13, we deduce:
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preceding proposition, k ¼ 1; and f ðx; *Þ is complex analytic for each x 2 M ;
then fn is complex analytic.
Making use of Proposition 4.14 and Lemma 4.13, we obtain along the
lines of Corollaries 3.11 and 3.12:
Corollary 4.17. Let X and Y be locally convex topological K-vector
spaces, U 
 X be a balanced open zero-neighbourhood, and f : U ! Y be a
smooth (resp., K-analytic) mapping such that f ð0Þ ¼ 0: Then the mapping
DrðM ; f Þ :DrðM ; UÞ ! DrðM ; Y Þ; g/ f 8 g is smooth (resp., K-analytic).
More generally, using Corollary 4.16 instead of Corollary 3.13, the
argument used in the proof of Proposition 3.15 shows:
Corollary 4.18. Suppose that X and Y are real locally convex spaces,
U 
 X is an open zero-neighbourhood, P a real analytic manifold modelled
over a locally convex space Z; f˜ : P  U ! Y a real analytic mapping, and
g : M ! P a mapping of class Cr; with compact image. We define f :¼
f˜ 8 ðg idU Þ : M  U ! Y and assume that f ðx; 0Þ ¼ 0 for all x 2 M : Then
fn :D
rðM ; UÞ ! DrðM; Y Þ is real analytic on DrðM ; QÞ for some open zero-
neighbourhood Q 
 U :
Generalizations of Propositions 3.10 and 4.14 for mappings between
spaces of sections of vector bundles can be found in [14].
4.2. The Lie Group Structure on DrðM ; GÞ
Let G be any smooth or K-analytic Lie group, 04r41; and M be a s-
compact ﬁnite-dimensional Cr-manifold. Then DrðM; GÞ :¼
S
K2KðMÞ
CrK ðM; GÞ can be made a smooth (resp., K-analytic) Lie group with Lie
algebra DrðM ; LðGÞÞ; as follows:
Deﬁne f; U1; U ; V1; and V as in 3.16, assuming in addition now that V
be balanced. We equip DrðM ; U1Þ :¼ fg 2 DrðM ; GÞ : gðMÞ 
 U1g with the
smooth (resp., K-analytic) manifold structure making the bijection
DrðM ; U1Þ ! DrðM ; UÞ; g/f 8 g a diffeomorphism of smooth (resp., K-
analytic) manifolds. Using Corollary 4.17 instead of Corollaries 3.11 and
3.12, we deduce as in 3.17 that group multiplication and inversion on
DrðM ; GÞ induce smooth (resp., K-analytic) mappings DrðM ; V1Þ
DrðM ; V1Þ ! DrðM ; U1Þ and DrðM; V1Þ ! DrðM; V1Þ: Given g 2 DrðM ; GÞ;
we deﬁne W and W1 as in 3.18, requiring in addition now that W be
balanced. Using Proposition 4.14, Corollaries 4.16 and 4.18 instead of
Proposition 3.10, Corollary 3.13, and Proposition 3.15, we deduce as in 3.18
that conjugation by g is smooth (resp., complex analytic) on DrðM ; W1Þ in
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for some open zero-neighbourhood Q 
 W ; in the real analytic case. In
either case, Proposition 1.13 provides a unique smooth, resp., complex
analytic, resp., real analytic Lie group structure on DrðM ; GÞ making Dr 
ðM; V1Þ an open submanifold. The Lie algebra of DrðM ; GÞ is DrðM; LðGÞÞ
as a topological vector space; as in 3.19, we deduce that the Lie bracket is
the pointwise Lie bracket on DrðM ; LðGÞÞ:
Definition 4.19. Given a smooth (resp., K-analytic) Lie group G; we
shall always equip DrðM; GÞ with the smooth (resp., K-analytic) Lie group
structure just described.
4.3. Functoriality of DrðM ; *Þ
The following fact is important for the study of universal complex-
iﬁcations of test function groups in Section 9. As the proof directly parallels
the one of Proposition 3.20, using Proposition 4.14, Corollaries 4.16 and
4.18 instead of Proposition 3.10, Corollary 3.13, and Proposition 3.15, we
leave the details to the reader.
Proposition 4.20. Let G1 and G2 be smooth (resp, K-analytic) Lie
groups, f :G1 ! G2 be a smooth (resp., K-analytic) mapping such that
f ð1Þ ¼ 1; and suppose that M and r are as above. Then the
mapping DrðM ; f Þ :DrðM ; G1Þ ! DrðM ; G2Þ; g/ f 8 g is smooth (resp., K-
analytic).
The preceding proposition can be applied to smooth (resp., K-analytic)
homomorphisms in particular, giving rise to functors DrðM ; *Þ from the
categories of smooth (resp., K-analytic) Lie groups into themselves.
4.4. DrðM ; GÞ When G Is a BCH–Lie Group
Let us show now that the K-analytic Lie group DrðM ; GÞ is a BCH–Lie
group whenever G is a K-analytic BCH–Lie group.
Theorem 4.21. Let 04r41; M be a s-compact finite-dimensional Cr-
manifold, and G be a K-analytic BCH–Lie group. Then DrðM ; GÞ; equipped
with the K-analytic Lie group structure defined in Definition 4.19, is a K-
analytic BCH–Lie group with Lie algebra DrðM ; LðGÞÞ and exponential
function DrðM; expGÞ :D
rðM; LðGÞÞ ! DrðM ; GÞ; g/ expG 8 g:
Proof. As the proof directly parallels the proof of Theorem 3.22, we
content ourselves with a short outline.
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LðGÞ as in 3.23. Using Corollary 4.17 instead of Corollary 3.12, the
argument given there shows that the Campbell–Hausdorff series of
DrðM ; LðGÞÞ converges on DrðM; UÞ2 to a complex analytic function
DrðM ; UÞ2 ! DrðM ; LðGÞÞ: We now shrink U if necessary as in 3.24 and
deﬁne V and V1 as described there. It is then clear from the construction of
the K-analytic manifold structure described before Deﬁnition 4.19 that
DrðM ; expGÞ induces a diffeomorphism of K-analytic manifolds from the
open zero-neighbourhood DrðM; V Þ in DrðM ; LðGÞÞ onto the open identity
neighbourhood DrðM ; V1Þ in DrðM ; GÞ: The assertion easily follows.
If G is a real BCH–Lie group, we deﬁne U˜ 
 LðGÞC as in 3.25. Then
Corollary 4.17 entails that the Campbell–Hausdorff series of DrðM ; LðGÞCÞ
converges on DrðM ; U˜Þ2 to a complex analytic function into DrðM ; LðGÞCÞ:
With V and V1 as in 3.26, clearly D
rðM; expGÞ induces a diffeomorphism of
real analytic manifolds from DrðM ; V Þ onto DrðM; V1Þ: Furthermore,
identifying the two sets by means of that diffeomorphism, the argument
from 3.26 shows that the group multiplication on DrðM; V1Þ
2 is given by the
Campbell–Hausdorff series. Thus DrðM; GÞ is a real BCH–Lie group.
Remark 4.22. Suppose that G is both a complex BCH–Lie group and a
real BCH–Lie group (as in Remark 3.27). Then so is DrðM; GÞ; reasoning as
in the cited remark.
Remark 4.23. Theorem 4.21 entails that, for BCH–Lie groups G; the
analytic Lie group structure on DrðM ; GÞ can also be obtained by
transporting the locally convex direct limit topology and analytic structure
from DrðM ; LðGÞÞ to DrðM ; GÞ by means of the direct limit exponential map
DrðM ; expGÞ :¼!lim C
r
K ðM ; expGÞ (and its translates). Thus, in the terminol-
ogy of [33, 34], we made DrðM ; GÞ the LCDL-direct limit of the groups
CrK ðM; GÞ: It is an interesting phenomenon that the LCDL-topology on
DrðM ; GÞ can be strictly coarser than the topology on DrðM; GÞ making
DrðM ; GÞ the direct limit of the CrK ðM ; GÞ’s in the category of topological
spaces (called the DL-topology in loc. cit.). For example, this happens when
M ¼ G ¼ R; see Remark 4.15. For a BCH Fre´chet-Lie group G; the c1-
reﬁnement of the usual topology on DrðM ; LðGÞÞ is the DL-topology (cf.
[26, Lemma 4.28 and Theorem 4.11(1)]). Thus, it is the DL-topology on
DrðM ; GÞ which is used in the framework of convenient differential calculus.
4.5. Test Function Groups as Direct Limits
If G is a K-analytic BCH–Lie group, then DrðM ; GÞ can be interpreted as
the direct limit of the K-analytic BCH–Lie groups CrK ðM; GÞ in suitable
categories of Lie groups.
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Cr-manifold, and G be a K-analytic BCH–Lie group. Then DrðM ; GÞ ¼
!lim C
r
K ðM ; GÞ in the category of K-analytic Lie groups with K-analytic
exponential functions.
Proof. Suppose that H is a K-Lie group with a K-analytic expon-
ential map, and ðfK ÞK2KðMÞ a family of K-analytic homomorphisms
fK : C
r
K ðM; GÞ ! H such that fK jCrK1 ðM ;GÞ
¼ fK1 whenever K and K1 are
compact subsets of M such that K1 
 K : As DrðM; GÞ is the directed union
of the groups CrK ðM ; GÞ; there is a unique homomorphism f :D
rðM ; GÞ !
H such that fjCr
K
ðM;GÞ ¼ fK for all K 2KðMÞ: Note that LðfK ÞjCrK1 ðM;LðGÞÞ
¼
LðfK1 Þ whenever K ; K1 2KðMÞ such that K1 
 K : As D
rðM ; LðGÞÞ ¼
!lim C
r
K ðM ; LðGÞÞ in the category of locally convex topological vector spaces,
there is a unique continuous linear map c :DrðM ; LðGÞÞ ! LðHÞ such that
cjCr
K
ðM ;LðGÞÞ ¼ LðfK Þ for each K 2KðMÞ: It is easily veriﬁed that f 8
DrðM ; expGÞ ¼ expH 8c; which entails that the homomorphism f is K-
analytic on some identity neighbourhood and thus K-analytic. This
completes the proof.
We also have DrðM; GÞ ¼!lim C
r
K ðM ; GÞ in the category of smooth Lie
groups with smooth exponential functions, by essentially the same
argument.
5. UNIVERSAL COMPLEXIFICATIONS OF LIE GROUPS:
EXISTENCE AND NON-EXISTENCE CRITERIA
In this section, we provide criteria for existence (resp., non-existence) of
universal complexiﬁcations in various (full) subcategories of the category of
complex Lie groups and complex analytic homomorphisms. For the
categories of complex Banach–Lie groups, complex BCH–Lie groups, and
complex BCH–Fre´chet–Lie groups, respectively, the results will be
strengthened in Section 7.
Given a categoryA of complex Lie groups, we shall ﬁnd it convenient to
write G 2A as a shorthand for G 2 obA; and call G an A-group in this
case.
Definition 5.1. Let A be a category of complex Lie groups. Given a
smooth real Lie group G; we say that a complex Lie group GC 2A; together
with a smooth homomorphism gG : G ! GC; is a universal complexification
of G in A if for every smooth homomorphism f : G ! H from G to a
complex Lie group H 2A; there exists a unique complex analytic
homomorphism *f :GC ! H such that *f 8 gG ¼ f:
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following property:
ð*Þ If a complex Lie group H contains an A-group as an open subgroup,
then H 2A:
Let G be a real Lie group whose identity component G0 has a universal
complexification ðG0ÞC in A: Then G has a universal complexification ðGC; gGÞ
in A; ððGCÞ0; gG j
ðGCÞ0
G0
Þ is a universal complexification of G0 in A; and
GC=ðGCÞ0 ﬃ G=G0:
Proof. Part (b) of the proof of [7, Chapter 3, Sect. 6.10, Proposition
20(a)], and Remark 1 following that proposition can be copied line by line.
We only need to use Proposition 1.13 above instead of Bourbaki’s local
characterization of (Banach–) Lie groups to make the group G˜ occurring
there (which is our GC) a complex Lie group; since it has ðG0ÞC as an open
subgroup by construction, G˜ is an A-group by hypothesis ð* Þ: ]
Remark 5.3. Note that all of the categories of complex Banach–Lie
groups, complex BCH–Lie groups, and complex BCH–Fre´chet–Lie groups,
respectively, as well as the category of all complex Lie groups with complex
analytic exponential functions, satisfy hypothesis ð* Þ of the preceding
proposition.
Theorem 5.4 (Existence Criterion). Let G be a real BCH–Lie group and
suppose that there is a smooth homomorphism f : G ! H from G into some
complex Lie group H whose exponential function is complex analytic and
injective on some zero-neighbourhood, such that L˜ðf Þ : LðGÞC ! LðHÞ;
X þ i Y ! Lðf Þ:X þ i Lðf Þ:Y is injective. Then G has a universal complex-
ification GC in the category of complex Lie groups with complex analytic
exponential functions, and GC is a complex BCH–Lie group.
Proof. By Proposition 5.2 and Remark 5.3, we may assume that G is
connected.
Step 1: There is a simply connected complex BCH–Lie group S with Lie
algebra LðGÞC: In fact, G being a real BCH–Lie group, the Campbell–
Hausdorff series converges pointwise on U  U for some open zero-
neighbourhood U in LðGÞC; with complex analytic limit * : Since expH is
injective on some zero-neighbourhood by hypothesis and L˜ðf Þ is a
continuous injection, after shrinking U if necessary we may assume that
f :¼ ðexpH 8 L˜ðf ÞÞjU is injective. Let V be a balanced open zero-neighbour-
hood in LðGÞC such that V *V 
 U : Then expGðX *Y Þ ¼ expGðX Þ expGðY Þ
for all X ; Y 2 V \ LðGÞ and thus fðX *Y Þ ¼ f ðexpGðX *Y ÞÞ ¼
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ðX ; Y Þ/fðX ÞfðY Þ being complex analytic on the connected open subset
V  V of LðGÞC; we deduce from the preceding that fðX *Y Þ ¼ fðX ÞfðY Þ
for all X ; Y 2 V (cf. [4, Proposition 6.6]). Using Proposition 1.13, we obtain
a unique complex Lie group structure on K :¼ hfðUÞi4H which makes
fjV a diffeomorphism of complex analytic manifolds onto an open subset of
K : Note that LðGÞC can be identiﬁed with the Lie algebra of K in such a way
that expK :¼ ðexpH 8 L˜ðf ÞÞj
K becomes the exponential function of K : By
construction, K is a complex BCH–Lie group. Let S be the simply connected
covering group of K ; then S has the desired properties.
Step 2: Induced complex analytic homomorphisms on S: Suppose that g :
G ! A is a smooth homomorphism from G into some complex Lie group A
with complex analytic exponential function. Let U and V 
 U be open
balanced zero-neighbourhoods in LðGÞC such that the Campbell–Hausdorff
series converges to a complex analytic function * on U  U ; V *V 
 U
holds, and expS jU is a complex analytic diffeomorphism onto an open subset
of S: As in Step 1, we deduce that expAðL˜ðgÞðX *Y ÞÞ ¼ expAðL˜ðgÞðX ÞÞ
expAðL˜ðgÞðY ÞÞ for all X ; Y 2 V : Hence cðexpSðX ÞÞ :¼ expAðL˜ðgÞðX ÞÞ for
X 2 V deﬁnes a local homomorphism from the open identity neighbour-
hood W :¼ expSðV Þ 
 S into A (in the sense of [50, p. 65, Deﬁnition]). By
[50, p. 65, Satz], the local homomorphism c extends to a homomorphism
gˇ : S ! A: Clearly gˇ 8 expS ¼ expA 8 L˜ðgÞ; whence gˇ is complex analytic
(cf. Proposition 2.5).
Step 3: Let G˜ be the simply connected covering group of G; and p : G˜ ! G
be the covering map. Then G˜ is a real BCH–Lie group with Lie algebra
LðGÞ; we have G ﬃ G˜=P; where P :¼ ker p: By Proposition 2.8, the
inclusion map e : LðGÞ ! LðGÞC integrates to a smooth homomorphism
y : G˜ ! S (i.e., LðyÞ ¼ e).We deﬁne N :¼ yðPÞ:
Claim. N is a normal subgroup of S:
In fact, as P is a discrete normal subgroup of the connected group G˜; it is
central in G˜: Given x 2 P; we have AdyðxÞ 8 e ¼ e 8Adx and hence AdyðxÞ ¼
ðAdxÞC ¼ ðidLðGÞÞC ¼ idLðGÞC : We deduce that IyðxÞ ¼ idS; whence yðxÞ is
central in S: The claim follows.
Claim. N is a discrete subgroup of S:
To see this, let fˇ : S ! H be the complex analytic homomorphism from S
into H such that LðfˇÞ ¼ L˜ðf Þ (which exists by Step 2). Then Lðfˇ 8 yÞ ¼ Lðf 8 pÞ
and therefore fˇ 8 y ¼ f 8 p; whence N ¼ yðPÞ 
 ker fˇ: Since LðfˇÞ ¼ L˜ðf Þ is an
injective continuous mapping and expH is assumed to be injective on some zero-
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some identity neighbourhood. Thus ker fˇ is discrete, and so is its
subgroup N:
Step 4: S=N is the universal complexification of G: To see this, note ﬁrst
that S=N is a complex Lie group, and in fact a complex BCH–Lie group, as
N is discrete. Let q : S ! S=N be the quotient map. Since P 
 kerðq 8 yÞ; the
smooth homomorphism q 8 y factors to a homomorphism gG :G ! S=N
(i.e., gG 8 p ¼ q 8 y), which is smooth as P is discrete. Now, given a smooth
homomorphism g : G ! A into a complex Lie group A whose exponential
function is complex analytic, we let gˇ : S ! A be the complex analytic
homomorphism constructed in Step 2. As in Step 3, we ﬁnd that N 
 ker gˇ;
whence gˇ factors to a homomorphism g˜ : S=N ! A which clearly is complex
analytic as N is a discrete normal subgroup of S: We have g˜ 8 gG ¼ g
since Lðg˜ 8 gGÞ ¼ LðgÞ: If h : S=N ! A is another complex analytic
homomorphism such that h 8 gG ¼ g; then LðhÞ ¼ L˜ðgÞ ¼ Lðg˜Þ and therefore
h ¼ g˜: Thus indeed ðS=N; gGÞ is the universal complexiﬁcation of G in the
category of complex Lie groups with complex analytic exponential
functions. ]
Here is a typical application (generalizing [12, Corollary 24.21]):
Example 5.5 (Linear Banach–Lie groups). Suppose that A is a real
Banach algebra (with identity element), and G a Lie subgroup (or, more
generally, analytic subgroup) of the group of units A; which is a Banach–
Lie group with Lie algebra A in a natural way. As the Existence Criterion
(Theorem 5.4) applies to G and the inclusion map f : G ! ðACÞ
 ¼: H ; we
ﬁnd that G has a universal complexiﬁcation GC in the category of all
complex Lie groups with complex analytic exponential functions,
LðGCÞ ¼ LðGÞC; and that GC is a complex Banach–Lie group.
Further applications of Theorem 5.4 will be given in Section 6 (to ‘‘linear’’
direct limit Lie groups) and Section 7 (to suitable mapping groups and test
function groups).
From Lemma 2.18, we immediately deduce:
Proposition 5.6 (Non-Existence Criterion). Let G be a real BCH–Lie
group, and A be a category of complex Lie groups whose exponential
functions are locally injective at zero (e.g., the class of complex BCH–Lie
groups). Let N ¼ NAðGÞ be the intersection of all kernels of smooth
homomorphisms f : G ! H from G to A-groups H : If the closed normal
subgroup N of G is not a Lie subgroup of G; then G does not have a universal
complexification in the category A:
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complexiﬁcations in the categories of complex BCH–Lie groups,
complex BCH–Fre´chet–Lie groups, and complex Banach–Lie groups,
since the non-existence criterion applies in each case (see also Remark
7.5). The following problem cannot be clariﬁed by the techniques currently
available.
Problem 5.7. Do real Lie groups (preferably BCH or even Banach)
exist which do not have a universal complexiﬁcation in the category of all
complex Lie groups with complex analytic exponential functions?
6. EXAMPLE: LINEAR DIRECT LIMIT LIE
GROUPS
In this section, we determine the universal complexiﬁcations for a simple
class of examples of BCH–Lie groups, brieﬂy called ‘‘linear’’ direct limit Lie
groups here. In the terminology of [35, Sect. 6A], these are precisely the
countable strict direct limits of linear ﬁnite-dimensional Lie groups with
respect to standard embeddings.
We already encountered direct limits in Section 4, and we presume that
the reader is familiar with their category-theoretical deﬁnition. However, let
us provide some notation and terminology for the special case of directed
sequences, to abbreviate formulations.
Definition 6.1. A sequence G1!
f1
G2!
f2
G3    of ﬁnite-dimensional K-
Lie groups and morphisms fn is called a directed sequence of finite-
dimensional K-Lie groups. The directed sequence is called strict if each fn is
a topological embedding.10 LetA be a category of K-Lie groups containing
all ﬁnite-dimensional K-Lie groups. A cone over the directed sequence inA
is a pair ðG; ðZnÞn2NÞ of a Lie group G 2 obA and a sequence of morphisms
Zn : Gn ! G such that Znþ1 8fn ¼ Zn for each n: The cone ðG; ðZnÞn2NÞ is a
direct limit cone over the directed sequence (in which case we call G a direct
limit of the sequence, and write G ¼!lim Gn), if for any cone ðH; ðcnÞn2NÞ
over the given directed sequence, there is a unique morphism c : G ! H
such that c 8 Zn ¼ cn for each n 2 N:
Here, the word ‘‘morphism’’ refers to smooth homomorphisms if A is a
category of smooth Lie groups, to real analytic homomorphisms if A is a
category of real analytic Lie groups, to complex analytic homomorphisms if
K ¼ C:10Then imðfnÞ is a closed K-Lie subgroup of Gnþ1; for each n 2 N:
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(which were introduced ﬁrst in [32]), also [15]. Background material
concerning direct limits of topological spaces, topological manifolds, and
topological groups can also be found in [20, 47].
Let us check ﬁrst that the Lie groups GL1ðRÞ and GL1ðCÞ are BCH.
6.2. Recall that GL1ðRÞ 
 R
ðNNÞ þ 1 is the group of invertible NN-
matrices differing from the identity matrix at only ﬁnitely many places. This
group has a natural smooth Lie group structure making it the direct limit of
the directed sequence GL1ðRÞ 
 GL2ðRÞ 
    of ﬁnite-dimensional real Lie
groups in the category of smooth Lie groups (where we identify A 2 GLnðRÞ
with the block diagonal matrix diagðA; 1Þ 2 GLnþ1ðRÞ). The Lie algebra of
GL1ðRÞ is the non-metrizable locally convex space gl1ðRÞ ﬃ R
1; and its
exponential function induces a local diffeomorphism at 0 ([32]; see also [15]).
6.3. Similarly, GL1ðCÞ ¼!limGLnðCÞ has a natural complex Lie group
structure. Note that GL1ðCÞ is a complex BCH–Lie group, the group
multiplication being given locally by the Campbell–Hausdorff series.
6.4. Since GL1ðRÞ 
 GL1ðCÞ; we deduce that the Campbell–Hausdorff
series converges on U  U to a complex analytic function for some open
zero-neighbourhood U in gl1ðRÞC ¼ gl1ðCÞ: Thus GL1ðRÞ is a real BCH–
Lie group.
We shall use the following terminology:
Definition 6.5. Analytic subgroups of GL1ðRÞ are called linear direct
limit Lie groups.
For example, SL1ðRÞ :¼!lim SLnðRÞ is a linear direct limit Lie group, and
so is the connected analytic subgroup hexpGL1ðRÞðhÞi; for every Lie
subalgebra h of gl1ðRÞ (cf. also [26, Theorem 47.9]).
Theorem 6.6 (Universal Complexiﬁcations of Linear Direct Limit
Lie Groups). Let G 
 GL1ðRÞ be a linear direct limit Lie group. Then
the following holds:
(a) G has a universal complexification ðGC; gGÞ in the category of
complex Lie groups with complex analytic exponential functions. Here gG is
injective, LðGCÞ ﬃ LðGÞC; and GC is a complex BCH–Lie group.
(b) Gn :¼ G \GLnðRÞ is a closed real Lie subgroup of G; for each
n 2 N; and G ¼!lim Gn is the direct limit of the strict directed sequence G1 

G2 
    of finite-dimensional real Lie groups in the category of smooth Lie
groups.
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complex analytic exponential functions. Furthermore, the abstract group
underlying GC is the direct limit of the abstract groups ðGnÞC:
Proof. (a) Theorem 5.4 applies to the inclusion map f : G ! GL1ðCÞ:
(b) Let e : G ! GL1ðRÞ denote the inclusion map. As GLnðRÞ is a closed
Lie subgroup of GL1ðRÞ; its inverse image Gn ¼ e1ðGLnðRÞÞ is a closed Lie
subgroup of G; by Lemma 2.17; we have LðGnÞ ¼ LðGÞ \ glnR: By
[32, Theorem 8.2] (or [13, Theorem 5.1]), the abstract direct limit group
G ¼
S
n2N Gn can be made a smooth Lie group D; with Lie algebra
!lim LðGnÞ ¼ LðGÞ and smooth exponential function expD ¼!lim expGn ;
making it the direct limit of the directed sequence G1 
 G2 
    in the
category of smooth Lie groups. Since expD induces a local diffeomorphism
at 0 (see [32]) as well as expG; where expG ¼ expD as a mapping, we deduce
that D ¼ G as a smooth Lie group.
(c) The proof will be given in steps.
Step 1. The inclusion map bn : Gn ! GLnðCÞ as well as L˜ðbnÞ :
LðGnÞC ! glnðCÞ being injective, we deduce from Theorem 5.4 that Gn has
a universal complexiﬁcation ðHn; gnÞ in the category of complex Lie groups
with complex analytic exponential functions, and LðHnÞ ¼ LðGnÞC: By the
latter formula, Hn is ﬁnite dimensional and hence it is the usual universal
complexiﬁcation of Gn in the category of ﬁnite-dimensional complex Lie
groups. Now bn being injective, so is gn: By the universal property of Hn;
there is a unique complex analytic homomorphism nn ¼ ðfnÞC : Hn ! Hnþ1
such that nn 8 gn ¼ gnþ1 8fn; where fn :Gn ! Gnþ1 is the inclusion map.
Furthermore, the inclusion maps Zn : Gn ! G induce complex analytic
homomorphisms cn ¼ ðZnÞC : Hn ! GC; determined by cn 8 gn ¼ gG 8 Zn:
Then H1!
n1
H2!
n2
H3!
n3    is a directed sequence of ﬁnite-dimensional
complex Lie groups. As this sequence might not be strict, we do not know
a priori whether a complex direct limit Lie group exists. However, we can
form the direct limit H ¼!lim Hn in the category of abstract groups, with
limits maps mn : Hn ! H :
Step 2. The set underlying LðGÞC ¼!lim LðHnÞ is the union of the
ascending sequence of sets LðHnÞ (and thus its direct limit in the category of
sets). Hence expH :¼!lim expHn :!lim LðHnÞ ¼ LðGÞC ! H can be deﬁned.
The cone ðGC; ðcnÞn2NÞ induces a homomorphism C : H ! GC: As GC is a
complex BCH–Lie group, there is an open balanced zero-neighbourhood U
in LðGÞC such that expGC jU is injective and the Campbell–Hausdorff series
converges on U  U to a complex analytic function * : U  U ! LðGÞC:
Then C 8 expH ¼ expGC entails that expH jU is injective as well. Furthermore,
since expHn ðX *Y Þ ¼ expHn ðX Þ expHnðY Þ for X ; Y in the balanced (and
hence connected) open zero-neighbourhood U \ LðHnÞ in LðHnÞ for each n;
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Let V 
 U be a symmetric zero-neighbourhood such that V *V 
 U ;
by Proposition 1.13, there is a unique complex Lie group structure on H0 :
¼ him expHi ¼ hexpH ðV Þi making expH jV a complex analytic diffeo-
morphism onto an open subset of H0: Clearly H0 is a complex BCH–Lie
group.
Step 3. Given x 2 H ; we have x ¼ mN ðyÞ say for some N 2 N and y 2 HN :
Then AdH ðxÞ :¼!lim n5NAdHn ðynÞ is a continuous complex linear map such
that Ix 8 expH ¼ expH 8AdH ðxÞ; where Ix : H ! H denotes the inner
automorphism h/ xhx1 and yn :¼ ðfn1 8    8fN ÞðyÞ: Thus Ix:H0 
 H0;
and the homomorphism Ixj
H0
H0
is complex analytic by Proposition 2.5. By
Proposition 1.13, there is a unique complex Lie group structure on H
making H0 an open submanifold of H: As H0 is a complex BCH–Lie group,
clearly so is H : As C 8 expH ¼ expGC ; we deduce that the homomorphism C
deﬁned in Step 2 is complex analytic (Proposition 2.5). Also each mn is
complex analytic, as mn 8 expHn ¼ expH jLðHnÞ:
Step 4. As G ¼!lim Gn in the category of smooth Lie groups by (b), there is
a unique smooth homomorphism g :¼!lim gn : G ! H such that mn 8 gn ¼
g 8 Zn for each n: By the universal property of GC; there is a unique complex
analytic homomorphism F :GC ! H such that F 8 gG ¼ g: It is easy to see
that C 8F ¼ idGC and F 8C ¼ idH :
Step 5. It only remains to show that ðH; ðmnÞn2NÞ is the direct limit of the
directed sequence H1!
n1
H2!
n2    in the category of complex Lie groups with
complex analytic exponential functions. But indeed, if ðC; ðfnÞn2NÞ is a cone
over the directed sequence in this category, there is a unique homomorphism
of abstract groups f : H ! C such that f 8 mn ¼ fn for each n; as H is a direct
limit in the category of abstract groups. Since LðHÞ ¼!lim LðHnÞ in the
category of complex topological Lie algebras, there is a unique contin-
uous complex Lie algebra homomorphism Lðf Þ : LðHÞ ! LðCÞ such that
Lðf ÞjLðHnÞ ¼ LðfnÞ for each n: We have f 8 expH jLðHnÞ ¼ f 8 mn 8 expHn ¼ fn 8
expHn ¼ expC 8LðfnÞ ¼ expC 8Lðf ÞjLðHnÞ for each n; hence f 8 expH ¼ expC 8
Lðf Þ: By Proposition 2.5, the homomorphism f is complex analytic. By
construction, it satisﬁes f 8 mn ¼ fn for each n; and is uniquely determined by
this property. ]
The main point of the preceding proof is the construction of the Lie group
structure on !lim ðGnÞC: Since the directed system of the complex groups
ðGnÞC might fail to be strict, the methods of [32] or [15] are not applicable
directly.
The following variant of Theorem 6.6 can be shown similarly; we omit the
proof.
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 G2 
    is a strict directed sequence
of real Lie groups, where each Gk is an analytic subgroup of some
GLnk ðRÞ; with n14n24n3    : Then G :¼
S
k2N Gk 
 GL1ðRÞ can be
made an analytic subgroup of GL1ðRÞ with Lie algebra g :¼
S
k2N LðGkÞ
in a unique way. Equipping G with this Lie group structure, we have
G ¼!lim Gk in the category of smooth Lie groups, and GC ¼!lim ðGkÞC in
the category of complex Lie groups with complex analytic exponential
functions.
We remark that the complexiﬁcation !lim ðKnÞC of a countable strict
direct limit !lim Kn of compact Lie groups has been considered before
in [35].
7. ENLARGIBILITY AND UNIVERSAL COMPLEXIFICATIONS
In [17], it is shown that a real Banach–Lie group G has a universal
complexiﬁcation in the category B of complex Banach–Lie groups if and
only if N :¼ NBðGÞ is a Lie subgroup of G and ðLðGÞ=LðNÞÞC is enlargible
(where NBðGÞ is as in Proposition 5.6). In this section, we generalize this
result to the setting of BCH–Lie groups.
Definition 7.1. A locally convex topological K-Lie algebra g is
called enlargible if it is the Lie algebra of some K-analytic BCH–Lie
group.
Note that if g is a completely normable or completely metrizable locally
convex topological K-Lie algebra, then it is enlargible if and only if it is the
Lie algebra of some K-analytic Banach–Lie group, resp., K-analytic BCH–
Fre´chet–Lie group.
We can now formulate the main result of this section:
Theorem 7.2 (Complexiﬁcation Theorem). Suppose that one of the
following conditions is satisfied:
(B) G is a real Banach–Lie group, and A is either the category of
complex Banach–Lie groups, the category of complex BCH–Fre´chet–Lie
groups, or the category of complex BCH–Lie groups.
(F) G is a real BCH–Fre´chet–Lie group, and A is either the category of
complex BCH–Fre´chet–Lie groups, or the category of complex BCH–Lie
groups.
(G) G is a real BCH–Lie group, andA is the category of complex BCH–
Lie groups.
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intoA-groups, and LðNÞ :¼ fX 2 LðGÞ : expGðRX Þ 
 Ng: Then the following
conditions are equivalent:
(a) G has a universal complexification GC in the category A:
(b) N is a Lie subgroup of G; and LðG=NÞC ﬃ ðLðGÞ=LðNÞÞC is
enlargible.
If these conditions are satisfied, then LðGCÞ ﬃ LðG=NÞC ﬃ ðLðGÞ=LðNÞÞC:
In particular, GC is a Banach–Lie group (resp., BCH–Fre´chet–Lie group) if
G is so.
Let us provide two lemmas before proving Theorem 7.2; in the ﬁrst of
these, G; N; and A have the meanings speciﬁed in Theorem 7.2.
Lemma 7.3. Suppose that ðGC; gGÞ is a universal complexification of G in
the category A: Then ker gG ¼ N; and the following assertions hold:
(a) There exists a unique antiholomorphic involutive automorphism s of
GC such that s 8 gG ¼ gG:
(b) LðGCÞ ﬃ LðG=NÞC ﬃ ðLðGÞ=LðNÞÞC holds. In particular, LðG=NÞC
is enlargible.
(c) The fixed group GsC :¼ fg 2 GC : sðgÞ ¼ gg of the automorphism s is
a real Lie subgroup of the complex BCH–Lie group GC; with LðGsCÞ ¼
LðG=NÞ ¼ LðGÞ=LðNÞ: We have gGðGÞ 
 G
s
C; gGðG0Þ ¼ ðG
s
CÞ0; and gG j
Gs
C :
G ! GsC is an open mapping.
Proof. It is obvious that N ¼ ker gG:
(a) The proof of [17, Lemma IV.2(i)] applies without changes.
(b) By Lemma 2.18, N ¼ ker gG is a Lie subgroup of G: The smooth
homomorphism gG factors through the canonical quotient map q : G !
G=N; inducing a continuous and hence smooth homomorphism Z : G=N !
GC (such that Z 8 q ¼ gG). Then clearly ðGC; ZÞ is a universal complexiﬁcation
of G=N in the category A: In view of Part (a) of the present lemma, the
argument of [17, Proof of Lemma IV.2(ii)] shows that kerðL˜ðgGÞÞ ¼ LðNÞC:
Thus L˜ðZÞ is injective. By Theorem 5.4, the universal complexiﬁcation
ðG=NÞC satisﬁes LððG=NÞCÞ ¼ LðG=NÞC: But ðG=NÞC ¼ GC by the preced-
ing. Thus LðGCÞ ¼ LðG=NÞC:
(c) As qðG0Þ ¼ ðG=NÞ0 and ðGC; ZÞ is a universal complexiﬁcation of
G=N (using the preceding notation), we can replace G by G=N and may
therefore assume for simplicity of notation that N ¼ f1g: Consider the
smooth homomorphism f :¼ ðidGC ; sÞ : GC ! GC  GC: The diagonal S in
H :¼ GC  GC clearly satisﬁes the hypotheses of Lemma 2.19. Noting that
GsC ¼ f
1ðSÞ and LðGsCÞ ¼ LðGÞ 
 LðGÞC (as LðsÞ is complex conjugation on
LðGÞC), we deduce that there is a zero-neighbourhood U in LðGÞC such that
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GsC \ expGC ðUÞ ¼ expGC ðLðGÞ \ UÞ: ð7Þ
It is apparent that gGðGÞ 
 G
s
C: As LðgGÞ is the inclusion map
LðGÞ+LðGÞC; it readily follows from Eq. (7) that gG j
Gs
C is an open mapping,
with discrete kernel. Now gGðG0Þ being an open connected subgroup of the
topological group GsC; it coincides with ðG
s
CÞ0: Thus l :¼ gG j
ðGs
C
Þ0
G0
is a covering
morphism. It easily follows from Proposition 1.13 that there is a unique real
analytic Lie group structure on ðGsCÞ0 with respect to which l induces a
local diffeomorphism on some open identity neighbourhood in G0: Then
LððGsCÞ0Þ ¼ LðGÞ: Since G0 is a real BCH–Lie group, so is ðG
s
CÞ0: As G
s
C is a
topological group with ðGsCÞ0 as an open subgroup, there is a unique real
BCH–Lie group structure on GsC making ðG
s
CÞ0 an open real Lie subgroup
(cf. Propositions 1.13 and 2.4). ]
Lemma 7.4. If G is a simply connected real BCH–Lie group and LðGÞC is
enlargible, then G has a universal complexification ðGC; gGÞ in the category
of complex BCH–Lie groups. Furthermore, GC is simply connected, and
LðGCÞ ﬃ LðGÞC:
Proof. Let GC be a simply connected complex BCH–Lie group
with Lie algebra LðGÞC: Since G is simply connected, the inclusion map
LðGÞ ! LðGÞC integrates to a smooth homomorphism gG : G ! GC (Propo-
sition 2.8). If f : G ! H is a smooth homomorphism into a complex BCH–
Lie group H; then L˜ðf Þ : LðGÞC ! LðHÞ; X þ iY/Lðf Þ:X þ iLðf Þ:Y
integrates to a complex analytic homomorphism f˜ : GC ! H (using
Proposition 2.8 again). Then f˜ 8 gG ¼ f ; and f˜ is uniquely determined by
that property. ]
We can prove Theorem 7.2 now.
Proof of Theorem 7.2. (a) ) (b): Suppose that (a) holds. Then N is a
Lie subgroup of G by Lemma 2.18, and ðLðGÞ=LðNÞÞC is enlargible by
Lemma 7.3. In fact, ðLðGÞ=LðNÞÞC ¼ LðG=NÞC ¼ LðGCÞ by the lemma, as
asserted in the theorem.
(b) ) (a): Suppose that N is a Lie subgroup of G and LðG=NÞC is
enlargible. If G=N has a universal complexiﬁcation ððG=NÞC; ZÞ in A; then
clearly ððG=NÞC; Z 8 qÞ will be a universal complexiﬁcation of G; where q : G
! G=N is the quotient map. Therefore without loss of generality N ¼ f1g:
By Proposition 5.2, we may furthermore assume that G is connected. As
LðG=NÞC ﬃ LðGÞC is enlargible by hypothesis, there exists a simply
connected complex BCH–Lie group S with Lie algebra LðGÞC: We let G˜
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S; and P as in the proof of Theorem 5.4. Step 2 of the cited proof
shows that every smooth homomorphism f :G ! A from G into a
complex BCH–Lie group A gives rise to a complex analytic homomor-
phism fˇ : S ! A such that fˇ 8 y ¼ f 8 p: As real analytic homomorphisms
f of the preceding type separate points on G (note N ¼ f1g by hypothesis),
we deduce from fˇ 8 y ¼ f 8 p where ker p ¼ P that the intersection of all
kernels kerðfˇ 8 yÞ is P; whence ker y 
 P: By Lemma 7.4 and its proof, ðS; yÞ
is a universal complexiﬁcation of G˜ in the category of complex BCH–Lie
groups. Making use of Lemma 7.3(c), we deduce that yjyðG˜Þ is a quotient
morphism of topological groups, being open and surjective. Now P being
ker y-saturated, we deduce that yjyðPÞP is a quotient morphism as well. This
implies that the induced continuous bijection P=ker y! yðPÞ is open and
therefore a homeomorphism. Thus yðPÞ is a discrete subgroup of S: As in
the proof of Theorem 5.4, we ﬁnd that yðPÞ is a normal subgroup of S; and
that S=yðPÞ is a universal complexiﬁcation of G: ]
We remark that, beyond the Banach setting, the enlargibility question of
topological Lie algebras (to convenient Lie groups [26]) has been analysed
recently in [48]; cf. also [43].
Remark 7.5. By the Complexiﬁcation Theorem, there are two obstruc-
tions to the existence of a universal complexiﬁcation in A for a given
group G:
(a) The corresponding N may fail to be a Lie subgroup of G;
(b) N is a Lie subgroup (whence LðGÞ=LðNÞ ﬃ LðG=NÞ is enlargible),
but LðG=NÞC is not enlargible.
In [17], examples of Banach–Lie groups G1 and G2 are given for which
obstruction (a), resp. (b), occurs when A is the category of complex
Banach–Lie groups. The same arguments show that the corresponding
obstructions occur for G1 and G2 if A is the category of complex BCH–
Fre´chet–Lie groups, or the category of all complex BCH–Lie groups.
Combining Theorems 5.4 and 7.2, we obtain the following strong result:
Corollary 7.6. Let G be a real BCH–Lie group, and N4G be the
intersection of all kernels of smooth homomorphisms from G to complex
BCH–Lie groups. Suppose that LðGÞC is enlargible, N is a Lie subgroup, and
LðNÞ ¼ f0g:11 Then G has a universal complexification GC in the category of11Note that the last and penultimate condition are satisﬁed in particular if N ¼ f1g; a
condition which is more easily veriﬁed in concrete situations.
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LðGCÞ ¼ LðGÞC holds, and GC is a complex BCH–Lie group.
Here are typical applications.
Example 7.7. Let M and r be as in Section 3, K be a compact subset of
M ; and G be a real BCH–Lie group which has a universal complexiﬁcation
GC in the category of complex BCH–Lie groups such that gG : G ! GC has
discrete kernel. Then CrK ðM ; GÞ is a real BCH–Lie group, and f :¼
CrK ðM; gGÞ :C
r
K ðM ; GÞ ! C
r
K ðM ; GCÞ is a smooth homomorphism into a
complex BCH–Lie group such that L˜ðf Þ ¼ idCr
K
ðM;LðGÞCÞ is injective, where we
used that LðGCÞ ¼ LðGÞC by Theorem 7.2. The hypotheses of Theorem 5.4
being satisﬁed, we deduce that CrK ðM; GÞ has a universal complexiﬁcation
CrK ðM; GÞC in the category of complex Lie groups with complex analytic
exponential functions. Furthermore, CrK ðM; GÞC is a complex BCH–Lie
group, and LðCrK ðM; GÞCÞ ¼ C
r
K ðM ; LðGÞÞC:
Example 7.8. If 0 2 N0; M is a s-compact ﬁnite-dimensional Cr-
manifold, and G a real BCH–Lie group as in Example 7.7, we can repeat
the preceding argument using the homomorphism DrðM ; gGÞ; and deduce
that DrðM ; GÞ has a universal complexiﬁcation DrðM ; GÞC in the category of
complex Lie groups with complex analytic exponential functions. The
complex Lie group DrðM; GÞC is a BCH–Lie group; its Lie algebra is
DrðM ; LðGÞÞC:
Characterizations of those connected ﬁnite-dimensional Lie groups G for
which gG has discrete kernel can be found in [22].
8. EXPLICIT DESCRIPTION OF CrK ðM; GÞC
In this section, we show that CrK ðM ; GÞC ¼ C
r
K ðM ; GCÞ if G is a real BCH–
Lie group such that GC exists and has a polar decomposition. Throughout
this section, we suppose that r and M are deﬁned as in Section 3; K denotes
a compact subset of M :
Definition 8.1. Let G be a real BCH–Lie group, H be a complex
BCH–Lie group, and f : G ! H be a smooth homomorphism. We say that
H has a polar decomposition with respect to f if the mapping
F : G  LðGÞ ! H ; Fðg; X Þ :¼ fðgÞexpH ðiLðfÞ:X Þ
is a diffeomorphism of smooth manifolds. We call F the polar map in this
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Remark 8.2. If the real BCH–Lie group G is a subgroup of the complex
BCH–Lie group H and H has a polar decomposition with respect to the
inclusion map f : G ! H ; then G is easily seen to be a real Lie subgroup of
H: Identifying LðGÞ with im LðfÞ; the polar map attains the form F :
G  LðGÞ ! H;Fðg; X Þ ¼ g expH ðiX Þ:
Lemma 8.3. Let G be a real BCH–Lie group such that G0 has a universal
complexification ððG0ÞC; gG0 Þ which admits a polar decomposition (with respect
to gG0 Þ: Then also GC exists and has a polar decomposition.
Proof. The existence of GC follows from Proposition 5.2, which also
shows that we can choose ðG0ÞC :¼ ðGCÞ0 and gG0 :¼ gG j
ðGCÞ0
G0
: As G=G0 is
discrete and hence a complex BCH–Lie group, we have ker gG 
 G0 and
hence ker gG ¼ ker gG0 ¼ f1g: Thus G 
 GC without loss of generality and
gG is the inclusion map.
The polar map F : G  LðGÞ ! GC; Fðg; X Þ :¼ g expGC ðiX Þ is injective.
Indeed, if g1 expGC ðiX1Þ¼g2 expGC ðiX2Þ; then g
1
2 g1¼expGC ðiX2ÞexpGC ðiX1Þ
2 G0; as Fj
ðGCÞ0
G0LðGÞ
is the polar map of ðG0ÞC; we now deduce from
g12 g1 expGC ðiX1Þ ¼ expGC ðiX2Þ that g
1
2 g1 ¼ 1 and X1 ¼ X2:
F is surjective since GC ¼ GðGCÞ0 (cf. proof of Proposition 5.2).
By the preceding, F is a smooth bijection, whose restriction to the open
subset ðGCÞ0  LðGÞ is a diffeomorphism onto the open subset ðGCÞ0 of GC:
As F is G-equivariant with respect to the smooth action g:ðg1; X Þ :¼ ðgg1; X Þ
of G on G  LðGÞ and the left translation action of G on GC; we readily
deduce that F is a diffeomorphism. ]
Example 8.4. Recall that a ﬁnite-dimensional real Lie algebra g is
called weakly elliptic if Specððad X ÞCÞ 
 i R for all X 2 g ([36, Deﬁnition
II.1(b)]). For example, every compact Lie algebra is weakly elliptic. It
follows from Lawson’s Theorem ([28, Theorem 3.1]) that GC has a polar
decomposition (with respect to gG : G ! GC) if G is a connected ﬁnite-
dimensional Lie group with weakly elliptic Lie algebra LðGÞ (see, e.g., [12,
Proposition 25.9] for more details). By the preceding lemma, the
connectedness condition can actually be omitted. In particular, GC has a
polar decomposition for every compact Lie group G:
Example 8.5. A Banach–Lie algebra g is called elliptic if there exists a
norm on g deﬁning the topology which is invariant under the operators
eadðxÞ; x 2 g [17, 40]. A connected Banach–Lie group G is called elliptic if its
Lie algebra LðGÞ is elliptic. In [17], it is shown that every elliptic Banach–Lie
LIE GROUP STRUCTURES 403group G has a universal complexiﬁcation GC in the category of complex
Banach–Lie groups, and that the latter has a polar decomposition
(Proposition IV.14).12 Note that GC is even a universal complexiﬁcation
of G in the category of complex Lie groups with complex analytic
exponential functions, by Corollary 7.6 above. We remark that the identity
component UðZÞ0 of the isometry group of a complex Banach space Z is a
typical example of an elliptic Banach–Lie group [40].
The existence of polar decompositions is inherited by mapping groups.
Lemma 8.6. Let G be a real BCH–Lie group and H be a complex BCH–
Lie group. If H has a polar decomposition with respect to the smooth
homomorphism f : G ! H; then CrK ðM; HÞ has a polar decomposition with
respect to CrK ðM ;fÞ : C
r
K ðM; GÞ ! C
r
K ðM; HÞ:
Proof. Let F :G  LðGÞ ! H be the polar map. Noting that
CrK ðM; GÞ  C
r
K ðM ; LðGÞÞ ﬃ C
r
K ðM ; G  LðGÞÞ as a consequence of Propo-
sition 3.20 (cf. proof of Lemma 3.4), the assertion follows from the
observation that CrK ðM ;FÞ : C
r
K ðM; G  LðGÞÞ ! C
r
K ðM; HÞ is a diffeo-
morphism of smooth manifolds by Proposition 3.20. ]
Remark 8.7. In the situation of Lemma 8.6, suppose that H is both a
complex BCH–Lie group and real BCH–Lie group (in the sense of Remark
3.27), and suppose that the polar map F is a diffeomorphism of real analytic
manifolds. Then also CrK ðM; HÞ is both a complex BCH–Lie group and real
BCH–Lie group (by the remark just cited), and CrK ðM;FÞ is a diffeomorph-
ism of real analytic manifolds as a consequence of Proposition 3.20, whence
also the polar map of CrK ðM ; HÞ is a diffeomorphism of real analytic
manifolds.
Polar decompositions are of interest in the present context, due to the
following observation:
Theorem 8.8. Let G be a real BCH–Lie group and Z : G ! P be a smooth
homomorphism from G into a complex BCH–Lie group P such that P has a
polar decomposition with respect to Z: Then ðP; ZÞ is a universal complex-
ification of G in the category of complex Lie groups with complex analytic
exponential functions.
Proof. After passage to an isomorphic copy of P; we may assume
that G 
 P and that Z is the inclusion map. Since the polar map
12By Lemma 8.3, the results just cited for elliptic Banach–Lie groups remain valid for
arbitrary (not necessarily connected) Banach–Lie groups with elliptic Lie algebras.
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Tð1;0ÞF : LðGÞ  LðGÞ ! LðPÞ; ðX ; Y Þ/X þ iY ¼ L˜ðZÞðX þ iY Þ at ð1; 0Þ is
an isomorphism of topological vector spaces. Thus LðPÞ ¼ LðGÞC;
and Z : G ! P is an injection such that L˜ðZÞ is injective. By Theorem 5.4,
G has a universal complexiﬁcation ðGC; gGÞ in the category of complex
Lie groups with complex analytic exponential functions, where GC is a
complex BCH–Lie group. By the universal property of GC; there is a
unique complex analytic homomorphism q : GC ! P such that q 8 gG ¼ Z:
Thus, Z being a topological embedding, so is gG: We deduce that imðgGÞ is a
real Lie subgroup of GC isomorphic to G: So, again we may assume that
G 
 GC and that gG : G ! GC is inclusion. We have LðGCÞ ﬃ LðGÞC by
Theorem 7.2.
To see that ðP; ZÞ is a universal complexiﬁcation, let c :G ! H be a
smooth homomorphism into a complex Lie group with complex analytic
exponential function. We have to show that there exists a unique complex
analytic homomorphism $c : P ! H such that $c 8 Z ¼ $cjG ¼ c:
Uniqueness of $c: Let $c : P ! H be a complex analytic homomor-
phism such that $cjG ¼ c: Using the complex Lie algebra homo-
morphism $cL˜ðcÞ : LðGÞC ! LðHÞ; L˜ðcÞðX þ iY Þ :¼ LðcÞðX Þ þ iLðcÞðY Þ;
we obtain $cðg expPðiX ÞÞ ¼ cðgÞ expH ðLð $cÞðiX ÞÞ ¼ cðgÞ expH ðiLð $cÞðX ÞÞ
¼ cðgÞ expH ðiLðcÞðX ÞÞ for all g 2 G and X 2 LðGÞ; i.e.,
$cðg expPðiX ÞÞ ¼ cðgÞ expH ðiLðcÞðX ÞÞ for all ðg; X Þ 2 G  LðGÞ; ð8Þ
which in view of the polar decomposition P ¼ G expPðiLðGÞÞ uniquely
determines $c:
Existence of $c: Inspired by (8), we set $c :¼ mH 8 ðc ðexpH 8 iLðcÞÞÞ 8F
1 :
P ! H ; where mH :H  H ! H is the multiplication map. Then $c is a
smooth mapping P ! H extending c: We have to show that $c is complex
analytic, and a homomorphism.
Step 1. Since LðqÞ : LðGÞC ! LðGÞC is the identity map, q has discrete
kernel and is open. In view of the polar decomposition P ¼ G expPðiLðGÞÞ;
we deduce from qðGÞ ¼ G and expPðiLðGÞÞ ¼ qðexpGC ðiLðGÞÞÞ that q is
surjective. Thus q : GC ! P is a quotient morphism with discrete kernel.
Step 2. Deﬁning C : G  LðGÞ ! GC; Cðg; X Þ :¼ g expGCðiX Þ; we have
q 8C ¼ F; where F is a homeomorphism and hence open. Thus C is an open
mapping, being a lift of the open map F over the covering map q: In
particular, U :¼ imðCÞ ¼ G expGCðiLðGÞÞ is open in GC:
Step 3. Note ﬁrst that as q 8C ¼ F is a bijection, so is qjU : U ! P: Now
since q induces local diffeomorphisms at every point, we deduce: qjU is a
diffeomorphism of complex analytic manifolds.
Step 4. By the universal property of GC; there is a unique complex ana-
lytic homomorphism *c : GC ! H such that *cjG ¼ c: As in the above
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¼ $cðqðg expGC ðiX ÞÞÞ for all g 2 G and X 2 LðGÞ: Thus
$c ¼ *cjU 8 ðqjU Þ
1 is
complex analytic.
Step 5. $cðgf Þ ¼ $cðgÞ $cðf Þ for all g 2 G and f 2 P: Indeed, write f ¼
g1 expPðiX Þ with g1 2 G; X 2 LðGÞ; then gf ¼ ðgg1Þ expPðiX Þ; where gg1 2
G: Thus $cðgf Þ ¼ cðgg1Þ expH ðiLðcÞðX ÞÞ ¼ cðgÞcðg1Þ expH ðiLðcÞðX ÞÞ ¼
$cðgÞ $cðg1 expPðiX ÞÞ ¼ $cðgÞ $cðf Þ:
Step 6. $cðexpPðiX Þf Þ ¼ $cðexpPðiX ÞÞ $cðf Þ for all f 2 P and X 2 LðGÞ: To see
this, we consider x :C! H; z/ ð $cðexpPðzX ÞÞ $cðf ÞÞ
1 $cðexpPðzX Þf Þ; which
is a complex analytic function by Step 4. By Step 5, we have xjR ¼ 1: It
follows from [4, Proposition 6.6], that x ¼ 1: In particular, xðiÞ ¼ 1; which
proves the claim.
Step 7. $c is a homomorphism. Indeed, let f1; f2 2 P; write f1 ¼ g expPðiX Þ;
where g 2 G X 2 LðGÞ: Then $cðf1f2Þ ¼ $cðg expPðiX Þf2Þ ¼ $cðgÞ $cðexpPðiX Þf2Þ
¼ $cðgÞ $cðexpPðiX ÞÞ $cðf2Þ ¼ $cðf1Þ $cðf2Þ; using Step 5 and Step 6, and the
deﬁnition of $cðf1Þ to obtain the second, third, and fourth equality,
respectively. Thus $c is a complex analytic homomorphism which extends
c; as desired. This completes the proof. ]
Combining Lemma 8.6 and Theorem 8.8, we obtain:
Corollary 8.9. Let G be a real BCH–Lie group which has a universal
complexification ðGC; gGÞ in the category of complex BCH–Lie groups. If GC
has a polar decomposition with respect to gG; then ðC
r
K ðM; GCÞ; C
r
K ðM ; gGÞÞ is
a universal complexification of CrK ðM; GÞ in the category of complex Lie
groups with complex analytic exponential functions.
Imposing the existence of a polar decomposition for GC in Theorem 8.8 is
a strong requirement, and it is natural to ask whether this condition can be
omitted. However, there are most innocuous examples showing that this is
not possible.
Example 8.10. {Let T :¼ z 2 C : jzj ¼ 1g: By Example 7.7, the loop group
CðT;SL2RÞ has a universal complexiﬁcation CðT;SL2RÞC in the category of
complex Banach–Lie groups (which is actually universal in the category of
complex Lie groups with complex analytic exponential functions). We have
ðSL2RÞC ¼ SL2C; but
CðT;SL2RÞC ﬃ6 CðT;SL2CÞ:
In fact, we know from Proposition 5.2 that
CðT;SL2RÞ=CðT;SL2RÞ0 ﬃ CðT;SL2RÞC=ðCðT; SL2RÞCÞ0:
HELGE GLO¨CKNER406However, CðT; SL2RÞ=CðT; SL2RÞ0 ¼ p0ðCðT; SL2RÞÞ ﬃ p1ðSL2RÞ ﬃ Z
whereas the group CðT;SL2CÞ=CðT;SL2CÞ0 ¼ p0ðCðT;SL2CÞÞ ¼ p1ðSL2CÞ
¼ f1g is trivial. Thus CðT; SL2CÞ cannot be the universal complexiﬁcation of
CðT;SL2RÞ:
9. EXPLICIT DESCRIPTION OF DrðM ; GÞC AND
CrðM ; GÞC
Let r 2 N0 [ f1g; and M be a s-compact ﬁnite-dimensional Cr-manifold.
Repeating the arguments given in the preceding section (using Proposition
4.20 instead of Proposition 3.20), we obtain the following analogues for test
function groups:
Lemma 9.1. Let G be a real BCH–Lie group and H be a complex BCH–
Lie group. If H has a polar decomposition with respect to the smooth
homomorphism f : G ! H ; then DrðM ; HÞ has a polar decomposition with
respect to DrðM ;fÞ :DrðM ; GÞ ! DrðM ; HÞ:
Again, if H has an underlying real BCH–Lie group and its polar map is a
diffeomorphism of real analytic manifolds, then so is the polar map of
DrðM ; HÞ:
Theorem 9.2. Let G be a real BCH–Lie group which has a universal
complexification ðGC; gGÞ in the category of complex BCH–Lie groups. If GC
has a polar decomposition with respect to gG; then ðD
rðM ; GCÞ;DrðM ; gGÞÞ is a
universal complexification of DrðM ; GÞ in the category of complex Lie groups
with complex analytic exponential functions.
The group CrðM ; GÞ has a unique K-analytic BCH–Lie group
structure making DrðM; GÞ an open subgroup, for every r 2 N0 [ f1g;
s-compact ﬁnite-dimensional Cr-manifold M ; and K-analytic BCH–Lie
group G: To see this, we adapt an argument of [33, Sect. 9]. Clearly
conjugation by g 2 CrðM ; GÞ leaves DrðM ; GÞ invariant, and the induced
automorphism Jg of D
rðM; GÞ satisﬁes Jg 8Exp ¼ Exp 8 fn; where
f : M  LðGÞ ! LðGÞ; f ðx; X Þ :¼ AdgðxÞðX Þ and Exp :DrðM; LðGÞÞ !
DrðM ; GÞ; Z/ expG 8 Z: As f is smooth and f jMf0g ¼ 0; Proposition 4.14
shows that fn is smooth and thus a continuous K-linear map. In
view of Proposition 2.5, Jg is a K-analytic automorphism of D
rðM ; GÞ:
Now Proposition 1.13 provides the required K-analytic Lie group structure
on CrðM ; GÞ:
In view of Lemmas 8.3, 9.1 and Theorem 9.2, we easily deduce:
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polar decomposition, then CrðM ; GÞC ¼ C
rðM; GCÞ, and [CrðM ; GCÞ has a
polar decomposition].
Beyond BCH–Lie groups, using reﬁnements of the tools developed in the
present paper it can be shown that there is a unique smooth (resp., K-
analytic) Lie group structure on CrðM ; GÞ making DrðM ; GÞ an open
submanifold, for any smooth (resp., K-analytic) Lie group G ([14, Theorem
9.1]). It had been known before that C1ðM; GÞ can be given a Lie group
structure in the sense of convenient differential calculus (again, modelled
on compactly supported functions), for every Lie group G in that sense
[26].
Remark 9.4. By similar arguments, it can be shown that L1ðX ; GÞC
¼ L1ðX ; GCÞ in the category of complex BCH–Lie groups, for every
measure space ðX ;S;mÞ and real BCH–Lie group G such that GC exists and
has a polar decomposition [16].
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